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Abstract. The natural problem we approach in the present paper is to show how the notion 
of formally smooth (co)algebra inside monoidal categories can substitute that of (co)separable 
(co)algebra in the study of splitting bialgebra homomorphisms. This is performed investigat- 
ing the relation between formal smoothness and separability of certain functors and led to 
other results related to Hopf algebra theory. Between them we prove that the existence of 
ad- (co) invariant integrals for a Hopf algebra H is equivalent to the separability of some forgetful 
functors. In the finite dimensional case, this is also equivalent to the separability of the Drinfeld 
Double D(H) over H. Hopf algebras which are formally smooth as (co)algebras are character- 
ized. We prove that given a bialgebra surjection it : E — > H with nilpotcnt kernel such that 
H is a Hopf algebra which is formally smooth as a X-algebra, then % has a section which is a 
right H-colinear algebra homomorphism. Moreover, if H is also endowed with an ad-invariant 
integral, then this section can be chosen to be if-bicolinear. We also deal with the dual case. 
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Introduction 



Separable functors were introduced by C. Nastasescu, M. Van den Bergh and F. Van Oystaeyen 



in [NW|. As highlighted in [CMZ|, the relevance of these functors lies in a functorial version of 
Maschke's theorem they satisfy, namely they reflect split exact sequences. In |AMS1, Corollary 
2.31], this property was applied to the following situation. Let H be a scmisimple and cosemisimple 
Hopf algebra over a field K and denote by H VJl H the category of iJ-bicomodules. Then the forgetful 
functor U : ~ * a%Ra, from the category of A-bimodules in H 9Jl H to the category of ordinary 
A-bimodules, is a separable functor and hence the multiplication of A splits as a morphism of 
A-bimodules and _ff-bicomodules (i.e. A is separable as an algebra in the monoidal category 
( H 9Jl H , ®k, K)) if and only if it splits as a morphism of A-bimodules (i.e. A is separable as an 
ordinary if-algebra) . The proof of separability of the functor U relies on th e existence of an ad- 
invariant integral (introduced by D. §tefan and F. Van Oystaeyen in |SVO> Definition 1.11]) for 
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any semisimple and cosemisimple Hopf algebra over a field K. The characterization of separable 
and formally smooth algebras in the framework of monoidal categories was developed in [AMS2|. 
The notion of formal smoothness (or quasi-freeness) for algebras over a field K was introduced 
by J. Cuntz and D. Quillen in |C€| to provide a natural setting for non-commutative version of 
certain aspects of manifolds. A formally smooth algebra A in monoidal categories behaves like a 
free algebra with respect to nilpotent extensions in the sense that, under natural conditions, any 
algebra homomorphism A — > R/I, where 7 is a nilpotent ideal of an algebra R, can be lifted to an 
algebra homomorphism A — ► R. This gives a natural way to produce algebra sections in M. for 
algebra homomorphisms E — > A which are epimorphisms with nilpotent kernel in M. . Like in the 
classical case any separable algebra in a monoidal category is in particular formally smooth. As 
a consequence, in [AMS1] it was shown that if E is a bialgebra such that H = Ej J is a quotient 
Hopf algebra of E which is semisimple, J denoting the Jacobson radical of E, then the canonical 
Hopf projection it : E — > H admits a left ii-colinear algebra section a : H — » E. Further more this 
section can be chosen to be ii-bicolinear, whenever H is also cosemisimple. In [AMS1] also the 
dual situation of a bialgebra E whose coradical, say H, is a Hopf subalgebra is described. In this 
case there is a retraction n of the canonical injection er which is a left ii-linear (bilinear if H is 
also semisimple) coalgebra map. 

These results fit in the classification of finite dimensional Hopf algebras problem as follows. 

A bialgebra with a projection is a bialgebra E over a field K endowed wi th a Hopf algebra H 
and two bialgebra maps a : H — » E and ir : E — > H such that 7r o a = Id#. In [Rad], M. D. Radford 
describes the structure of bialgebras with a projection: E can be decomposed as the smash product 
of H with the (right) H-coinvariant part of E which actually comes out to be a braided bialgebra 
in the monoidal category ^yT> of Yetter-Drinfeld modules over H . It is meaningful that, even 
relaxing some assumption on ir (as was done by P. Schauenburg in jBchal | ) or on a (see [ |AMS1| ), 
it is possible to reconstruct E by means of a suitable bosonization type procedure. An occurrence 
of this situation is given by the results in |AMS1| described above. 



The natural problem we approach in the present paper is to show how the notion of formally 
smooth (co)algebra inside monoidal categories can substitute that of (co)separable (co)algebra 
in the study of splitting bialgebra homomorphisms. This is performed investigating the relation 
between formal smoothness and separability of certain functors and led to other results related to 
Hopf algebra theory. Between them we prove that the existence of ad-(co)invariant integrals for a 
Hopf algebra H is equivalent to the separability of suitable forgetful functors (Theorem |3.12 ). In 
the finite dimensional case, this is als o equivalent to the separability of the Drinfeld Double D(H) 
as an extension of H (Theorem |3.14 ) . 

H opf alge bras which are form ally smooth as (co) algebras are characterized in Propositions [5. 4 
~ (see also |VIO| , Theorem 1.2]). 



5.5 



and 9.5 



In particular we obtain that the the underline 
(co)algebra structures of a Hopf algebra is formally smooth if and only if it is hereditary. 

As a result we prove that given a bialgebra surjection n : E — > H with nilpotent kernel such 
that H is a Hopf algebra which is formally smooth as a i f-algebra, then ir has a section which is a 
right ii-colinear algebra homomorphism (Theorem 5.10). Moreover, if H is also endowed with an 
ad-invariant integral, then this section can be chosen to be iJ-bicolinear (Theorem i.S). Dually, we 
prove that, if if is a Hopf subalgebra of a bialgebra E which is formally smooth as a i f-coalgebra 
and such that Corad(E) C H, then E has a weak projection onto H (Theorem 3.16 ). Further- 
more, if H is also endowed with an ad-coinvariant integral, then this retraction can be chosen to be 
iJ-bilincar (Theorem |3.11 ). As an application, in Proposition ^.15 we prove that every connected 
Hopf algebra E over a field K with char (if) = has a weak projection 7r : E — > K [x] , for every 
x G P(E)\{0}. 



The paper is organized as follows. We begin in Section [j] by recalling the definition of monoidal 
category and by listing the most important examples for this paper. We recall the notion of projec- 
tivity (respectively injectivity) of objects in a category £ with respect to a class of homomorphisms 
in £ and some general facts about separable functors. We obtain the main result of this section, 
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Theorem 1.13, providing a diagrammatic method to establish when a separable functor F preserves 
or reflects relative projective (resp. injective) objects. 

This technique is applied, in Section||, in the case when F is the forgetful functor aM-A — > a 971a, 
where M denotes one of the categories Wl H , H Wl H of right, two-sided comodules over a Hopf 
algebra H respectively, and A is an algebra in A4. In Theorem 2.12 we prove that, if F is 



separable, then A is formally smooth as an algebra in M. if and only if it is formally smooth as 
an algebra in 97t#- (i.e. regardless the iJ-comodule structure of A). A remarkable fact is that the 
functor F is separable whenever H has an ad-invariant integral (see Lemma 3.11). In Proposition 
2.6, a characterization of separable algebras in a monoidal category by means of separable functors 
is given. We also deal with the dual results. 

In Section ^| the existence of ad-invariant integrals is related to separability of suitable functors. 
In particular H has an ad-in variant integral if and only if the forgetful functor ^yi> — > #971 is 
separable (see Theorem 3.12| ). In the finite dimensional case, thi s is e quivalent to say that the 
Drinfeld Double D(H) is a separable extension of H (see Theorem 3.14 ). 

Section |J is devoted to the study of splitting properties of surjective algebra homomorphisms by 
means of the characterization of formally smooth algebras in monoidal categories given in [ AJVIS2|. 
Using the results of Section |[ we prove Theorem 4/7 that can be applied to the case A = H 
where H itself is a formally smooth algebra in 971 which is endowed with an ad-invariant integral 
(Theorem 4.8). Theorem |4.5| deals with the case when H needs not to have an ad-invariant integral 
but it is formally smooth as an algebra either in 971 ^ or in H 9Jl H . 

The main results of Section ^| are contained in Propositions 5.4 and 5.5, were we characterize 
when H fulfills these properties by means of a suitable map t : H + — > H ® H + , where H + is the 
augmentation ideal. Moreover a Hopf algebra H comes out to be formally smooth as a A"-algebra 
if and only if it is formally smooth as an algebra in VJl H if and only if it is a hereditary A-algebra 
(note that a hereditary algebra needs not to be formally smooth as an algebra in general, while the 
converse is always true). In Theorem 5.8, we apply these facts to the particular case when H is the 



group algebra KG (compare with [LB, Theorem 2]). The main application is Theorem 5.10 where 
we prove that given a bialgebra surjection n : E — ► H with nilpotent kernel such that H is a Hopf 
algebra which is formally smooth as a A-algebra, then n has a section which is a right iJ-colinear 
algebra homomorphism. The results of this section are used in Section ^| to handle some particular 
case related to group algebras. 

Sections f?| || and [9] are devoted to the proof of all dual results. 

Preliminaries and Notation. In a category M. the set of morphisms from X to Y will be denoted 
by A4(X, Y). If X is an object in Ai, then the functor A4(X, — ) from M. to Sets associates to any 
morphism u : U — > V in M. the map that will be denoted by M.{X,u). We say that a morphism 
/ : X — > Y in M splits (respectively cosplits) or has a section (resp. retraction) in M. whenever 
there is a morphism g : Y — > X such that fog — Idy (resp. g o f = Idx)- In this case we also say 
that / is a splitting (resp. cosplitting) morphism. 

Throughout, A is a field and, when working in the category 971 = 971^ of vector spaces, we write 
<8> for tensor product over A. We use Sweedler's notation for comultiplications A(c) = cm <8>C( 2 ) = 
c% <g> C2, and the versions p{x) = £<-i> <S> £<o> = %—i ® and p (x) = £<o> ® x <i> — x o ® x\ 
for left and right comodules respectively (we omit the summation symbol for the sake of brevity). 



5,1) denotes a strict 
See [|Ka|, Chap. XI]) 



1. Preliminary results 

1.1. Monoidal Categories. Throughout this paper, the symbol 
monoidal category with unit 1 G M. and tensor product ® : A4 x M. — > A4. 
for a general reference. 

The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can 
be introduced in the general setting of monoidal categories. Given an algebra A in M one can 
define the categories a-M, Ma and a-Ma of left, right and two-sided modules over A respectively. 
Similarly, given a coalgebra C in M. : one can define the categories of C-comodules C M, M. c , C A4 . 



For more details, the reader is referred to [AMS2| 
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The relative tensor and cotensor functors. Let (.AW, (g>, 1) be a monoidal category. Assume 



that Ai is abelian and let A be an algebra in Ai. It can be proved (see e.g. |Ar|) that a-M is an 
abelian category, whenever the functor A Cg) (— ) : AW — ► AW is additive and right exact. In the case 
when both the functors A Cg) (— ) : AW — > AW and (— ) Cg) A : AW — > AW are additive and right exact, 
then the category aAW^ is abelian too. 

Since, sometimes, we have to work with more than one algebra in AW and its bimodulcs, it is 
convenient to assume that A Cg) (— ) : AW — > AW and (— ) Cg) A : AW — > AW arc additive and right 
exact, for any A £ AW. Hence we are led to the following definitions. 

Definitions 1.2. Let AW be a monoidal category. 

We say that AW is an abelian monoidal category if AW is abelian and both the functors Xcg)(— ) : 
AW — > AW and (— ) ® A : AW — > AW are additive and right exact, for any A G AW. 
We say that AW is a coabelian monoidal category if AW° is an abelian monoidal category, where 
AW° denotes the dual monoidal category of AW. Recall that AW° and Ai have the same objects but 
AW°(A,F) = M(Y,X) for any A, Y in AW. 

Given an algebra A in Ai, there exists a suitable functor ®a : aA4a x aA4a —> aAAa that makes 
the category (^AW^, ®a, A) monoidal (an algebra in this category will be called an A-algebra): see 



HAMS4 1.11]. 

The tensor product over A in Ai of a right A-module V and a left A-module W is defined to be 
the coequalizer: 

V Cg> A eg) W j= V ® W — V® A W *~ 

Note that, since Cg) preserves coequalizers, then V ®a W is also an A-bimodule, whenever V and 
W are A-bimodules. 

Dually, let Ai be a coabelian monoidal category. 

Given a coalgebra (C, A,e) in AW, there exists of a suitable functor dc : C AW C x C AW C — > ^AW 
that makes the category (^AW 1 ^, Dc, C) monoidal (a coalgebra in this category will be called a 
C-coaZge&re). 

The cotensor product over C in Ai of a right C-bicomodule V and a left C-comodule W is defined 
to be the equalizer: 

^ vu c w *- V®W X V ® c ® w 

Note that, since Cg) preserves equalizers, then VOcW is also a C-bicomodule, whenever V and W 
are C-bicomodules. 

What follows is a list of the most important monoidal categories meeting our requirements. 

Examples of "good" monoidal categories. We provide a list of the monoidal categories we 
need in this paper. They are "good" in the sense that they are (co)abelian monoidal categories. 

• The category (TIk,®k, K) of all vector spaces over a field K. 

Let ( H, niH , uh, A#, eh, S) be a Hopf algebra over field K. Then we have the following categories 
(see [{5cha2 ] for more details). 



The category #971 = (#971, ®k. A), of all left modules over H: the unit A is a left i?-module 
via £h and the tensor V Cg) W of two left fZ-modules can be regarded as an object in #971 via the 
diagonal action. Analogously the category 97l# can be introduced. 

• The category h^h = (h9Rh,®k, K), of all two-sided modules over H: the unit K is a H- 
bimodule via Eh and the tensor V <g> W of two iJ-bimodules carries, on both sides, the diagonal 
action. 

We can dualize all the structures given for modules in order to obtain categories of comodules. 

• The category H Tl = ( H Wl, ®k, A), of all left comodules over H: the unit A is a left ff-comodule 
via the map k i— ► 1# Cg) k and the tensor product V Cg) W of two left ii-comodules can be regarded 
as an object in H Wl via the codiagonal coaction. Analogously the category 9Jl H can be introduced. 
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• The category H DJl H = { H Wl H ,® K ,K) of all two-sided comodules over H: the unit if is a H- 
bicomodule via the maps k i— » 1h ®k and k > fc <X> 1h ; the tensor V ® W of two ii-bicomodules 
carries, on both sides, the codiagonal coaction. 

As observed, given an algebra A in an abelian monoidal category (A4, <E>, 1), we can construct the 
monoidal category of A-bimodules (aMa, <8>a, A). Applying this (in particular for A := H) to the 
categories (m K , ® K , iT),(9Jt ff , ®k, K),{ H Wl, ® K , K) and ( H Wl H , ® K , K), we obtain respectively: 

• aVKa = (aTIa,®a,A), A mf = ( A mJ ,®a,A), = (f ®U, ®a, .4), fmf = (j[mf,»A,A). 

Given a coalgebra C in a coabelian monoidal category (Ai, 0,1), we can construct the monoidal 
category of C-bicomodules ( c A4 C , Oq, C). Applying this (in particular for C :— H) to the cate- 
gories ($81k,®k,K),(PRh,®k,K),{h%R, §§k,K) and (h^Hh,®k, K), we obtain respectively: 

. c <m c = ( c m c ,a c ,c), c ot£ = { c m%,a c ,c), c H wi c = (gsat c \n c ,c), £<mg = (%m%,a c ,c). 

It is well known that ® H , H) and (#97tjj, □ H , H ) are equivalent monoidal categories (see 

pcha^ , Theorem 5.7]). 

We now consider the categories of Yetter-Drinfeld modules over H. Recall that a twisted antipode 
for H is an antipode S for H op (and hence also for H cop ). One can check that S* -1 is a twisted 
antipode whenever S is bijective. If H is commutative or cocommutative then S 2 = S o 5 = Id# 
and consequently S — S. 

• The category #]VX> = (^yT>, <S>k, K), of all left-left Yetter-Drinfeld modules over H: the unit 
if is a left ii-comodule via the map k ^ 1h ® k and a left ii-module via Eh\ the tensor product 
V (g> W of two left-left Yetter-Drinfeld modules can be regarded as an object in ^yT> via the 
diagonal action and the codiagonal coaction. 

Recall that an object V in %yT> is a left ii-module and a left ii-comodule satisfying, for any 
/( £ H,!) € y, the compatibility condition: 

{hiv) < - 1> h 2 ®(h 1 v) <0> = h 1 v < -i > (g>h 2 v <0> or (hv) < -i > ®(hv) <0> = hiv < ^ 1> S{h 3 )(g)h 2 v <0> . 

Analogously the categories yT> H , nyV H and H yT>H can be defined. The compatibility conditions 
are respectively: 

(vh 2 ) <0> ® h 1 (vh 2 ) <1> = v<o>hi ® v < i > h2 or («fr)<o> <8> («/i)<i> = v <0> h 2 <8> S(h 1 )v < i > h 3 , 

{h 2 v) <0> ® (/i 2 u)<i>/ii = fti«<o> ® /i2f<i> or (ftw)<o> <8 (hv) < i> = h 2 v <0> ® h 3 v < i > S(hi), 

h 2 {vh 1 ) < - 1> g> (wfti)< > = u<_i>/ii g> v <0> h 2 or (wft)<_i> ® (wft)<o> = 5 , (/i 3 )«<-i>^i ® v <0> h 2 , 

for all /i 6 ii, v G V and where in the last two cases the right conditions are available when H has 
a twisted antipode S. 

1.3. Relative Projectivity and Injectivity. A main tool for studying (co)separable and 
formally smooth (co)algebras is relative projectivity (respectively injectivity). Most of the material 
introduced below can be found in |l|, Chap. IX, page 307-312] and |We] , Chap. 8, page 279-281]. 

Let £ be an arbitrary category and let 7i be a class of homomorphisms in £. An object P G £ is 
called f '-projective where / : C\ — > C 2 is a morphism, if £(P, /) : £(P, Ci) — > £(P, C2) is surjective. 
P is TC- projective if it is /-projective for every / G Ti. Dually, an object I G £ is called f-injective, 
where / : Ci — > C2 is a morphism, if and only if, considered as an object in the opposite category 
£ op , it is /"^-projective, where f op : C 2 — > C\ is in £ op . I is called TL-injective if it is /-injective 
for every / G 7i. 

All the results we will obtain for projectivity, can be dualized to get their analogues for injectivity. 

Theorem 1.4. Let H : 03 — > 21 6e a covariant functor and consider: 

£n ■= {/ G 05 I H(/) splits zn 21}. 

Lei T : 21 — > 03 6e a Ze/i adjoint o/H and Zei e : TH — » Idig &e t/ie counit of the adjunction. 
Then, for any object P G 03, t/ie following assertions are equivalent: 

(a) P is E^-projective. 

(b) Every morphism f : B — > P m £g /ias a section. 

(c) Sp : THP — > P /ias a section. 
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(d) There is a splitting morphism ir : TX — > P for a suitable object A G 21. 
In particular all objects of the form TX , X 6 21, are Su-projective. 

Proof. Let r\ : Ida - ► HIT be the unit of the adjunction. 

(a) =>■ (6). Assume that P G 25 is £g-projective i.e. that for every / : P — > P2 in £h and for every 
morphism 7 : P — > P2, there exists a morphism /3 : P — > B such that 7 = / o (3. In particular, for 
B2 := P and 7 := Idp, there exists a morphism /3 : P — > P such that Idp = f o (3. 

(b) (c). Since H(£ j b)o?t hb = Idns, we infer that H(ep) splits and hence the counit eb ■ THP — > P 
belongs to £h for any P 6 25. 

(c) =>• (d). Obvious. 

(rf) => (a). Let / : Pi — > P2 be in £h and denote by 5 : HP2 — > HPi the section of H(/). Let 
7 : P — > P2. Assume that 7r : TA — > P is a split morphism for a suitable object A £ 21. Let 
<7 : P — > be a section of 7r and t : P — > Pi be defined by 

P A TA W THTA T ^ THP ^ THP 2 T ^ TMB, ^ Pi. 

We have 

for = /oe Bl oT(5)oTH(7)oTH(7r)oT(77x)oo- 

= £ B2 o T [H (/) o ( 5 )] o TH (7 o 7r) o T (tlx) o <T 

= £b 2 TH (7 o it) o T (r/x) o a = 7 o 7r o e T x o T (r/x) 0(7 = 7071-0(7 = 7 

and hence P is £e-P r ojective. 

Since 1&tx : TA — > TX is an isomorphism, by (d) => (a), we have that TA is fn-projective. □ 



For completeness we include the dual statement of Theorem 1.4 



Theorem 1.5. Let T : 21 — > 25 6e a covariant functor and consider: 

It := {9 € 21 1 T(flO cosp/zts m 25}. 

Lei H : 25 — -» 21 &e a rig/i£ adjoint of T and let rj : Ida * HT &e i/ie unit of the adjunction. 
Then, for any object I £ 21, £/ie following assertions are equivalent: 

(a) I is Tj-injective. 

(b) Every morphism f : I — > A in Tf has a retraction. 

(c) r\i : I — > HT/ has a retraction. 

(d) There is a cosplitting morphism i : I —> MY for a suitable object Y G 25. 
In particular all objects of the form MY, Y G 25, are Tj-injective. 

1.6. Separable Functors. Let U : 25 — > 21 be a covariant functor. We have functors 

Poto<8(»,»),#oto2i(U(.),U(.)) : 25 op x 25 -> 6ets 

and a natural transformation 

U : Poto<b(.,«) -> Poto2i(U(«),U(«)), Ub u bM) : = U (/) for a11 objects B U B 2 G 25. 

The functor U is called separable if IA cosplits, that is there is a natural transformation 

V : Pom a (U(«),U(«)) -> ffom B («,») 

such that P o U — l g om „(.,,), the identity natural transformation on Poto<b( 



It is proved in [Raj, page 1446] that this definition is consistent with the one given in [ N VV | . 

Remark 1.7. Let a : X — > Y" be a morphism in 25. If U is a faithful functor, then, a is an 
cpimorphism (resp. monomorphism) whenever U(a) is. 

Let us recall some well known property on separable functors. 



Lemma 1.8. [NVV, Proposition 1.2] Let U : 25 — > 21 6e a covariant separable functor and let 
a : A — > Y be a morphism in 25. IfV(a) has a section h (resp. a retraction I) in 21, then a has a 
section (retraction) in 25. 
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Lemma 1.9. Let F : 21 — > 03 and G : 03 — > £ 6e covariant functors. Then Ef Q £gf and If C 2gf. 
Moreover the equalities hold whenever G is separable. 

Theorem 1.10. Consider functors T : 21 — > 23 and H : 03 — > £. TTien, we /iave i/iai: 

1) IfT and H are separable, then H o T is also separable. 

2) J/ioT is separable, then T is separable. 

3) If €. = 21 and £/ia£ (T, H) is a category equivalence, then T and H are 6oi/i separable. 



Proof. See [ CMZ] , Proposition 46 and Corollary 9]. □ 



We quote from [RaJ| the so-called Rafael Theorem: 



Theorem 1.11. [JRaJ, Theorem 1.2] Let (T,H) be an adjunction, where T : 21 — > 03 and HI : 03 — » 21. 
Then we have: 

1) T is separable if and only if the unit r\ : Ida ~~ * HIT of the adjunction cosplits, i.e. there exists 
a natural transformation fj, : HIT — > Ida suc/i i/ia£ fiorj = Idid^ , tte identity natural transformation 
on Ida- 

,2j H is separable if and only if the counit e : TH — > Id<8 o/ £/ie adjunction splits, i.e. there exists 
a natural transformation a : Id<8 — > TH such that so a = Idid^ > ^ e identity natural transformation 
on Id<s • 

Corollary 1.12. Let (T,H) 6e an adjunction, where T : 21 — > 03 and H : 03 — ► 21. TTien we have: 

1) HI separable =4> any object in 03 is £u-projective. 

2) T separable any object in 21 is Tf -injective. 



1. 



Proof. 1) Let P be an object in 03. Since H(es) o ^.b = Idms and HI is separable, by Lemma 1.8 
£b has a section in 03. By Theorem 1.4, P is fn-projective 
2) It follows analogously by Lemma 



and Theorem 1.5 once observed that eja ° ^(va) = Wta 



for any A G 21. □ 

We are now ready to prove the main theorem of this section, that investigates whether a functor 
F (resp. F') preserves and reflects relative projective (resp. injective) objects. 

Theorem 1.13. Let (T, H) and (T',H') be adjunctions and assume that, in the following diagrams, 
T' o F' and F o T ( and also f'ol and H' o F) are naturally equivalent: 

21 *■ 21' 21 *- 21' 

tJ |t' h| |h' 
03 >~ 03' 03 *■ 03' 

r f 

Let P be an object in 03 and let I be an object in 21. We have: 

a) P is S^-projective ==>■ F{P) is Em 1 -projective; the converse is true whenever F is separable. 
a op ) I is If -injective => F'(I) is Tf -injective; the converse is true whenever F' is separable. 

Proof, a) Let e : TH — > Idrg be the counit of the adjunction (T,H). 



Assume that P is ^-projective. Then, by Theorem 1.4, ep : THP — > P has a section f3 : P — > THP, 



i.e. epo/3 = ld P . Since F(f3) is a section of F(s P ) : T'H'FP - FTHP -> FP, by applying Theorem 



1.4 to the adjunction (T',H') in the case when X = M'FP and to the split morphism F(sp), we 
conclude that FP is ^'-projective. 

Conversely, assume that FP is £m' -projective and that F is separable. Let r\ : Idrg — > HIT be 
the unit of the adjunction (T,H). Thus M(ep) o rj^p = Idep and hence F'(rjMp) is a section of 
F'W(ep). Then also WF(e P ) has a section, so that F{e P ) : FTHP -> FP belongs to 5 H '- As 



FP is fn'-projective, by Theorem L4, we get a section in 03' of F(ep). Since F is separable, by 
Lemma we conclude that ep splits in 03: hence P is fm-projective. 

a op ) It follows by duality. □ 
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2. (Co) SEPARABLE AND FORMALLY SMOOTH (CO)ALGEBRAS 

2.1. Let (A, m, u) be an algebra in a monoidal category (Ai, <g>, 1). We have the functors 
A T : Ai -> A W where aT(X) := A ® X and A T(/) := A ® /, 
T A : Ai -> M A where T A (X) := X ® A and T A (/) := / (g> A, 
A T A : Ai -> A M A where aTa(^) := A ® (X <g> A) and aTa(/) := A <g> (/ ® A), 



with their right adjoint (see [AMS2, Proposition 1.6]) A M, M. A , A M A , respectively, that forget the 
module structures. Then the adjunctions (T^HU), (^T, ^H) and ( A T A , A M A ), give rise to the 
following classes: 

£a ■= £u A = {a g M A I 9 splits in Ai}, 

A £ := £ a m = {g G aM \ g splits in Ai}, 

A £ A := £ aMa = {g G aMa I g splits in X}. 

Recall that an algebra (A, m, u) is called separable in Ai whenever the multiplication m admits a 
section A — > A ® A in a-Ma- 

Assume that ./Vf is an abelian monoidal category. Then (f^A, j) := kerm carries a natural A- 
bimodule structure that makes it the kernel of m in the category aA4a- We say that A is formally 
smooth in Ai (see ]AMS2] , Corollary 3.12]) if and only if ft 1 A is an A^A-projective A-bimodule. 

Let us recall the following result that holds true for unitary rings. 



Proposition 2.2. [NW, Proposition 1.3] For any ring homomorphism i : S — > R, the following 
are equivalent: 

(1) R is separable in (s%Rs> ®Sj S), i.e. R/S is separable. 

(2) The restriction of scalars functor #971 — » §971 is separable. 

(3) TVie restriction of scalars functor -SDTr — * 9Jls is separable. 

As we will explain in Remark |2.5| , the previous result, in general, can not be extended to algebras 
in a monoidal category. 

Lemma 2.3. Let A be a separable algebra in a monoidal category Ai. The following assertions hold 
true: 

1) The forgetful functor A M : A Ai - ■> Ai is separable. In particular, any left A-module (M, a /j,m) 
is A £ -projective. Moreover if M is an A-bimodule, the multiplication A fiM ■ A ® M —> M has a 
section a gm which is A-bilinear and natural in M . 

2) The forgetful functor M A : Ai A — > Ai is separable. In particular, any right A-module (M, fj,^) 
is £ A -projective. Moreover if AI is an A-bimodule, the multiplication fx^ : M (8> A — > M has a 
section which is A-bilinear and natural in AI . 

Proof. 1) By assumption, the multiplication m of A admits a section v : A — > A ® A in A Ai A . 
Let (M, a \xm) be a left A-module and consider the morphism a um ■ AI —> A eg) M defined by 
a om '■= (A <g> (j-m) ° (vu ® AI) o Z^ 1 , where u : 1 — > A is the unit of A. It is straightforward to 
check that a o~m is a left A-linear section of a ^m which is A-bilinear whenever M G A Ai A (see the 
left handed version of |AMS2j , Lemma 1.29]). Since A \x is the counit of the adjunction (^T^H), 
and a om defines a natural transformatio n A o : Id AJ \4 — > (aT) (aH), we get, by Theorem 1.11, that 
is separable. Note that, by Corollary 1.12 , if the forgetful functor : A Ai — > Ai is separable, 
then any left A-module is ^-projective. 

2) It follows analogously. □ 

Proposition 2.4. Let H be a Hopf algebra over a field K. The forgetful functors Tt^ — > Wl H and 
H Tl^ -> H Wl H are separable. 

Proof. Composing the functor (_) coff : fff[H ^ with the forgetful functor 971 |J — > Wl H , one 
gets the Sweedler's equivalence of categories (-) coH : 97t£ -» m K - Since, by Theorem |1 . 1 1| , this 
functor is separable, by Theorem 1.10, the forgetful functor 97l|J — > Wl H is separable too. 
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Composing the functor (-) coff : H WI H -> H Wl with the forgetful functor H 37tg -> H DJl H , one gets 
the Sweedler's equivalence of categories (-) COjH : -> H m. As in the first part, we conclude 

that the forgetful functor H Wl% -> H Wl H is separable. □ 



Remark 2.5. By Lemma |2.3| , the forgetful functor : Ad a — > AW is separable for any separable 
algebra A in a monoidal category Ad. The converse does not ho ld true. In fact, when Ad — 9Jl H 
and A = H, the functor ELa is alw ays sepa rable (Proposition [2.4| ), but A is separable in Ad if and 



only if H is a semisimple algebra ( flAMSl , Proposition 2.11]) 



Proposition 2.6. Let A be an algebra in a monoidal category Ad. The following assertions are 
equivalent: 

(a) A is separable in Ad. 

(b) The forgetful functor a^-a '■ aAAa — ► Ad is separable. 

(c) Any A-bimodule is a&a -projective. 

(d) The A-bimodule A is A^A-projective. 



Proof, (a) (b) If (M, (Xm^m) ^ s an A-bimodule, by Lemma 2.3, there are A-bilinear natural 
sections a om and crj^, respectively of a \xm and [iff. The morphism gm := { a gm ® A) o crfy : 
M -> A (g) M ® A is a section in of the counit e M ■= Mm ° ( A Mm ® -A) :A®M®A^M of 

the adjunction (a^AiA Ha)- Since om is natural in M, we get a natural transformation er : Id^vi — ► 
aHA^HU such that e o a = Idid ^- We conclude by Theorem |l.ll| . 
(6) =>• (c) It follows by Corollary [TT|. 

(c) =>• (d) Obvious. 

(d) (a) Since A is yif^-projective, the multiplication m : A ® A — » A, that is a morphism in 
a£a, admits a section <r : A — > A (8 A in ^Ai/j. □ 

Corollary 2.7. An?/ separable algebra in an abelian monoidal category Ad is formally smooth. 

COROLLARY 2.8. Let A be a separable algebra in 9JIk- Then any left A-module is projective in a$R- 
Hence any left A-module is also injective in ^271 and A is semisimple. Moreover any A-bimodule 
is projective in a^Ra and hence any A-bimodule is injective in a^Ra- 

Proof. Since Ad = 9JIk, any epimorphism in Ad splits. So a left A-module is ^-projective 
if and only if it is projective in ^971 in the usual sense. The right and two-sided cases follow 
analogously. □ 

2.9. Let (F', fa, fa) ■ (.M, (8>, 1) — ► (Ad',®',!') be a monoidal functor between two monoidal 
categories, where fa(U,V) : F'{U®V) -> F'(U) ®'F'(V), for any U, V € Ad, and fa : 1' -> F'(l). 
Let (A,m,u) be an algebra in Ad. It is well known that (A', wia'i ua 1 ) '■— {F' {A)if n F'(A)i u F'(A)) 
is an algebra in Ad', where 

m F , {A) : = F'(A) <g>' F'(A) F'(A ® A) F'(A) 

U F'(A) := 1' ^ F '(1) ^ F'(A). 

Consider the functor F : aMa — * A>Ad' A , defined by F((M, a u m ,^m)) = {F'(M), A ' n F , (M) ,up, {M) ), 
where 

A ' (^f'(m) ■= F'(A) ®' F'(M) 02 ^ M) F'(A ® M) F '^ flf) F'(M) 
^; (M) : = F'(M) <g>' F'(A) F'(M <8> A) F 'H l] F'(M). 



Let us study a particular case of Theorem 



1.13 



Proposition 2.10. Let Ad and Ad' be abelian monoidal categories. Let A, A', F' and F as in\2. 
Then, in the following diagrams, T' o F' and F o T are naturally equivalent and F' o H = H' o F 

Ad ^ Ad' Ad *M' 

t| |t' h| |h' 
A Ad A *~a'M' a , A M A ^A'Ad' A , 
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where (T, H) is the adjunction (aTa, aH/i) defined in 2.1, and (T',IHI') is analogously defined. 
We have that: 

P G aMa is £m-projective =>• F(P) G A'M 1 A' is £w -projective; the converse is true whenever 
F is separable. 
In particular we obtain that: 

i) A is separable in M. ==> A' is separable in M! (i.e. H is separable =>■ H' is separable); the 
converse is true whenever F is separable. 

ii) If F' preserves kernels, then: A is formally smooth in A4 ==> A' is formally smooth in M! ; 
the converse is true whenever F is separable. 

Proof. Define a M : F'(A)®' F'(M)®' F'(A) -> F'{A®M®A) by a M = fa(A®M,A)[fc(A, M)®' 
F'(A)], for any M G M.. Then {olm) mem defines a natural equivalence a : T'F' — > FT. 



The first assertion holds by Theorem 1.13 



i) By Proposition 2J3, A is separable in M. if and only if A G a-M-a is fm-projective if and only 
if the functor HI is separable. Analogously A! is separable in M! if and only if A' G a'-M'a' is 
fn'-projective if and only if the functor H' is separable. Since A' — F(A), we conclude by the first 
part. 

ii) Let (r2 1 (A),j) = kerf^m^) in Ai. Since F' preserves kernels, we get that 

(fiV),/) :=ker(m A = (F' {O. 1 (A) , (j) 2 (A, A)F'(j)) 

in M! . Observe that, SI 1 (A') = ker(m A ') = ker[.F"(77i)(/>2(A, A)]. Now, if we regard regard fl 1 (A) as 
an A-bimodule via the structures induced by uia and f2 (A 1 ) as an A'-bimodule via the structures 
induced by m A ', we obtain that £l x (A') = i^Q^A)). 

By definition, A is formally smooth in M. if and only if fl 1 A £ ^A^ is fn-projective. Analogously 
A' is formally smooth in M! if and only if f2 1 (A') G A'M A' is £h' -projective. Since = 
F(il 1 (A)), we conclude by the first part. □ 

Examples 2.11. Let H be a Hopf algebra over a field K. With hypotheses and notations of 



Proposition 2.10, let M! := 9Jtfc . We want to apply the previous result to the particular case when 
M is either \ H M H , ®, K) or (M H ,®, K). Let A be an algebra in M. 

1) M := H Wl H . The forgetful functor Fx : % Wl^ -> A W. A has a right adjoint G x : A m A -> f 9K A> 
Gi(M) = H ® M ® H, where Gi(M) is a bicomodule via A ff ® M ® H and H ® M ® A H , and 
it is a bimodule with diagonal actions. For any M G a^a the unit of the adjunction is the map 

n M : M H ® M ® H, r] M = ( H p M ®H)o pfj. 

2) M := Wl H . The forgetful functor F r : a ^a -> a^TIa has a right adjoint G r : a Wa -> A^f, 
G r (M) — M ® H, where G r (M) is a comodule via M ® Ah, and it is a bimodule with diagonal 
actions. For any M G a^a the unit of the adjunction is the map r\M '■ M — > M ® ii, r/jv/ = pff • 
In the case A = if we set (F 2 , G 2 ) := (Fx, Gi). 

The forgetful functor F b : g9Jlg -> H 9Jtg has a right adjoint G b : H 9Jlg -» g9Jtg, G b {M) = H®M, 
where Gft(M) is a bicomodule via A// ® M and M ®pf { , and it is a bimodule with diagonal action. 
The forgetful functor F a : h^h ~> h%Rh, is nothing but F r in the case A = H . Then it has a 
right adjoint G a : h^Ih -> ffSKg, which is G r for A = H. 

Note that the forgetful functor i 7 ^ : h^h ~ ¥ h9Rh can be decomposed as F 2 ~ F a o F b . 



In view of Examples 2.11, we obtain the following important result: 



Theorem 2.12. Let H be a Hopf algebra over a field K and let M denote either H Wl H or ffl H . 
Let A be an algebra in A4 and consider the forgetful functors H : aM-a — ► M., H' : a$Ra — * 9ft A' 
and F : aMa — ► A^A- 
We have that: 

P G a-Ma is ^-projective =>■ P is -projective as an object in a$Ra; the converse is true 
whenever F is separable. 
In particular we obtain that: 

i) A is separable as an algebra in M. A is separable as an algebra in 9JIk; the converse is 
true whenever F is separable. 
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ii) A is formally smooth as an algebra in Ai ==> A is formally smooth as an algebra in DJIk; 
the converse is true whenever F is separable. 

Proof. Apply Proposition [2.10 in the case when Ai' = WIk, and F' : Ai — + TIk is the forgetful 
functor. □ 

Dually we have. 

2.13. Let (C, A, e) be a coalgebra in a monoidal category (Ai,®, 1). Like in the dual case, we 
have the functors 

C H : Ai -> C M where C W(X) := C ® X and C H(/) := C <g> /, 

H c : X -> A4 C where H C (X) := X ® C and H c (/) := / ® C, 

C H C : X -> C M C where C H C (X) := C ® (X ® C) and c M c \f) := C <g> (/ ® C), 

with their left adjoint C T, I 17 , C T C , respectively, that forget the comodule structures. Then the 
adjunctions ( C T, C H), (T c , M c ) and ( C T C , C B C ) gives rise to the following classes: 

C X := Jc T = {g e c M | g is a cosplits in .M}, 

X c := Jjc = {g g A^ c | 3 is a cosplits in 

C X C := Xc T c = {.g S C M C | 3 is a cosplits in M}. 

By duality we can obtain the definition of coseparability and formal smoothness for a coalgebra 
(C, A, e) in a monoidal category M.. We say that C is coseparable whenever the comultiplication 
A cosplits in C M C . 

Assume that M. is a coabelian monoidal category. Then 13iC := CokerAp carries a natural 
C-bicomodule structure that makes it the cokernel of A in the category c M. . We say that C is 
formally smooth in A4 if 15±C is ^X^-injective. By duality, from Lemma 2.2 and Proposition [2.4| , 
we obtain the following two results. 

Lemma 2.14. Let C be a coseparable coalgebra in a monoidal category M. The following assertions 
hold true: 

1) The forgetful functor C T : c Ai — > Ai is separable. In particular, any left C -comodule 
(M, c p M ) is c T-injective and if M is a C-bicomodule, the comultiplication p M : M — > C ® M 
has a retraction fi which is C-bicolinear and natural. 

2) The forgetful functor T c : Ai c — > Ai is separable. In particular, any right C-comodule 
(M,Pm) is T -infective and if M is a C-bicomodule, the comultiplication pj^ : M — > M C has 
a retraction p R which is C-bicolinear and natural. 

Proposition 2.15. Let H be a Hopf algebra with antipode S over a field K . The forgetful functors 
9Jt|f — * WIh and h9Rh h9Rh are separable. 



Proof. It is dual to Proposition 2.4. □ 



Remark 2.16. By Lemma 2.14 , the forgetful functor T c : M. c — » Ai is separable for any cosep- 
arable coalgebra C in a monoidal category Ai. The converse does not hold true. In f act, in the 
case when Ai = Tin and C = H, the functor T c is always s eparabl e (Lemma 2.15 ), but C is 
coseparable in Ai if and only if if is a cosemisimple coalgebra (| AMS1 , Proposition 2.11]). 

Proposition 2.17. Let C be a coalgebra in a monoidal category Ai. The following assertions are 
equivalent: 

(a) C is coseparable in Ai. 

(b) The forgetful functor C T C : c ' M c — > M is separable. 

(c) Any C-bicomodule is I c -infective. 

(d) The C-bicomodule C is X -infective. 

Corollary 2.18. Any coseparable coalgebra in a coabelian monoidal category Ai is formally 
smooth. 
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COROLLARY 2.19. Let C be a coseparable coalgebra in 9JIk- Then any left C-comodule is infective 
in 971. Hence any left C-comodule is also projective in 971 and C is cosemisimple. Moreover any 
C -bicomodule is injective in c DJl c and hence any C -bicomodule is projective in c f)Jl c . 

2.20. Let {F' ,4>q,4>2) ■ (.A4,®,1) — > (A4',<8>', 1') be a monoidal functor between two monoidal 
categories, where <j) 2 (U, V) : F'(U <8> V) -> F'(J7) <8>' F'(V), for any C/,yeX, and (j> : P'(l). 
Let (C, A, e) is a coalgebra in A4. It is well known that (F 1 (C), Api^, Ep ,(c)) is a coalgebra in 
M' , where 



A 



F'(C) 



F'(C) F'(C ® C) 02 F'(C) »' F'(C) 



ejw(c) :=F'(C)^F'(1)^ 



1'. 



Consider the functor F : C M C 
where 



.M ,c " defined by F{(M, C p M , p° M )) = (F'(M), C " p F , {M) , p£ (M) ) 



c" . 



c 



PF'(M) := F'(C) 



F'( c p M ) 



F'(C®M) 



F'(C) »' F'(M) 



:= F H f) F'(M ® C7) 02 "^ C) F'(M) ®' F'(C). 

Proposi tion 2.21. Let M. and M! be coabelian monoidal categories. Let C , C , F' and F as in 
Example 2.21 . Then, in the following diagrams, H' o G and Gol are naturally eguivalent and 
G'oT = T'o G: 



C 'M 



iC 



c M c. 



C 'M 



M 



M' 



G' 

(C^C CnC 



M 



G' 



defined in 2. IS, and (T',1 



M' 

is analogously defined. 



G(L) 6 C 'M ,C " is I t 



-injective; the converse is true whenever G 



where (T,H) is the adjunction ( T , 
We have that: 

I g AA is If -injective 
is separable. 

In particular we obtain that: 

i) C is coseparable in A4 ==>• C' is coseparable in M! (i.e. T is separable ==> T' is separable); 
the converse is true whenever G is separable. 

ii) If G' preserves cokernels, then: C is formally smooth in A4 C' is formally smooth in 
M! '; the converse is true whenever G is separable. 

Proof. It is dual to Proposition 2.10| . □ 

Examples 2.22 . Let H be a Hopf algebra over a field K. With hypotheses and notations of 
Proposition 2.21 , let M! := 9JIk- We want to apply the previous result to the particular case when 
M is ether (h$Rh, ®,K) or (Tin, ®, K ). Let C be a coalgebra in M. 

1) M := hM h . The forgetful functor G 1 : gDJtg -> c 9Jl c has a left adjoint F 1 : c Tl c -> g97lg, 
F 1 (M) — H ®M ® H, where F 1 (M) is a bimodule via m H ® M ® H and H ®M <g) mjj, and it is 
a bicomodule with codiagonal coactions. For any M £ the counit of the adjunction is the 

map e M ■ H ® M <8> H -> M ,e M = V M ° ( H <8> 

2) M := Ti H - The forgetful functor G r : c 97t£ -► c 9Jt c has a left adjoint F r : c Tl c -> c m c H , 
F r (M) = M ® 7J, where F r (M) is a module via M (g) mjj, and it is a bicomodule with codiagonal 
coactions. For any M S c 9Jt^ the counit of the adjunction is the map Em '■ M®H — ► M, £m = Mm- 
In the case C = H we set (F 2 ,G 2 ) := (F 1 , G 1 ). 

The forgetful functor G a : H 9Jlg -»• H 9J? H is nothing but G r in the case C = H. Then it has a left 
adjoint F a : H Wl H -> H 97l|f , which is F r for C = H. 

The forgetful functor G b : gSUlg -> ff 2Jlg has a left adjoint F b : H Wl% g9Jlg, F b (M) =H®M, 
where F & (M) is a bimodule via m# ® M and _ff ® /i^, and it is a bicomodule with codiagonal 
coactions. 

Note that the forgetful functor G 2 : f 9Jlf -> H 97l H can be decomposed as G 2 = G a o G b . 
In view of Examples 2.22| , we obtain the following important result: 
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Theorem 2.23. Let H be a Hopf algebra over a field K and let M denote either h9Rh or s XSIh ■ 
Let C be a coalgebra in Ai and consider the forgetful functors T : M. c — ► M., T' : c VJl c — > 9JIk 
and G : c M c -> c 97l c . 
We have that: 

I G c M is Tj-injective =>■ I is Xji -injective as an object in c 9Jt c ; the converse is true 
whenever G is separable. 
In particular we obtain that: 

i) C is coseparable as a coalgebra in M. => C is coseparable as a coalgebra in 971^;' the converse 
is true whenever G is separable. 

ii) C is formally smooth as a coalgebra in M => C is formally smooth as a coalgebra in 9JIk ; 
the converse is true whenever G is separable. 

3. Ad-invariant integrals through separable functors 

Remark 3.1. Let H be a Hopf algebra over a field K . For sake of brevity many results will be 
stated only for the category Tin- Clearly all the results still hold true for #971 (as #971 ~ 9Jtff° P ). 
Similar arguments apply to the categories VJl H and H 9Jl. 

3.2. Let H be a Hopf algebra with antipode S over a field K and set: 

h > x := h\xS{h 2 ) and x < h := S{h\)xh 2 

H g{h) :=h 1 S{h z )®h 2 and g H {h) := h 2 ® S(hi)h 3 

for all h,x G H. It is easy to check that > defines a left module action of H on itself called 
left adjoint action and that H g defines a left comodule coaction of H on itself called left adjoint 
coaction. Analogously < gives rise to the right adjoint action and g H to the right adjoint coaction. 
If S is bijective, we can consider the following actions and coactions of H on itself: 

h ► x := h 2 xS (hi) and x A h :— S~ 1 {h 2 )xh\ 

g H (h) =h 2 ®h s S- 1 (hi) and H g(h) := 5 _1 (/i 3 )/ii <8> h 2 . 

The structures above provide two different ways of looking at H as an object in the categories of 
Yettcr-Drinfcld modules. In fact, if Ah is the comultiplication and run is the multiplication of H, 
then H can be regarded as an object in ^yT), , , H yT>H respectively via: 

(\>,A H ),(<,A H ),(+,A H ),(A,A H ) or (m H , H g),(m H ,g H ),(m H ,g H ),(m H , H g). 

3.3. The adjunctions. 



The actions recalled in |3.2| are closely linked to the categories of Yetter-Drinfeld modules. We now 
consider some adjunctions involving these modules that will be very useful in finding equivalent 
conditions to the existence of an ad-invariant integral. 

1) The forgetful functor F 3 : %yV -> #97? has a right adjoint G 3 : #971 -» %yV, G(M) =H®M, 
where G(M) is a comodule via Ah <8> M and a module via the action: h-(l®m) = hilSfts) ® h 2 m. 
For any M G the um t °f the adjunction is the map vm ■ M — » H ® M, ryjvf = H Pm- 

2) The forgetful functor F 4 : 3>Z>g -> Wl H has a right adjoint G 4 : 97t# -» yX>g, G 4 (M) =M®H, 
where G 4 (-M) is a comodule via M®Ah and a module via the action: {m®l)-h — mh 2 ®S(hi)lh 3 . 
For any M G 3^2?|f the unit of the adjunction is the map r\M '■ M — ► M ® if, = Pm- 

3) Assume if has bijective antipode. The forgetful functor F 5 : HyD H — » #971 has a right adjoint 
G 5 : #97t ^ jFf yP H ,G 5 (Af) = M ® H, where G 5 (M) is a comodule via M (£> A// and a module 
via the action: h ■ (I <g)m) = <8 h^mS^Qii). For any M G nyD H the unit of the adjunction is 
the map ?/ M : M — ► M <g> if, ry M = p^. 

4) Assume if has bijective antipode. The forgetful functor F$ : H yT>H — * 97t# has a right adjoint 
G 6 : 97t# -> H yV H , G 6 (M) — H ® M, where G 6 (M) is a comodule via A# <g> M and a module 
via the action: (I ®m) ■ h — 5 _1 (/i3)Z/ii ® For any M G H yT>H the unit of the adjunction is 
the map t?m : M — > if ® M, ry^/ = H p M . 

Consider now the dual version of this functors. 



14 



ALESSANDRO ARDIZZONI 



1°p) The forgetful functor G 3 : %yV -> H 9Jl has a left adjoint F 3 : H M f ^D, F 3 (M) = H(g>M, 
where _F 3 (M) is a module via TO_f/(g>M and a comodule via the coaction: H p(h®m) = him^iS{h 3 )® 
h 2 ®mo. For any M G the counit of the adjunction is the map £m : H®M — > M, £m = H fiM- 

2°p) The forgetful functor G 4 : -> 9Jl H has a left adjoint F 4 : 9Jt H -» ^Pg, F 4 (M) = M®H, 

where F 4 (M) is a module via M <g> to# and a comodule via the coaction: p ff (m <8> ft) = mo <8> /12 03 
S{h\)m\h 3 . For any M G J^Cjj the counit of the adjunction is the map e\j : M®H — > M, e^ = fi^- 
3 op ) Assume H has bijective antipode. The forgetful functor G 5 : HyD H — > 9Jt H has a left adjoint 
F 5 : 9Jl H -> H yV H , F 5 (M) = H ®M, where F 5 (M) is a module via m H ® M and a comodule 
via the coaction: /? ff (ft ® to) = ft2 <8> too ® h 3 miS~ l (hi) . For any M G nyT> H the counit of the 
adjunction is the map £m : -ff <8» M — ► M, £m = H Hm- 

4 op ) Assume has bijective antipode. The forgetful functor G 6 : H yT>H — > H 9K has a left adjoint 
F 6 : ff 9Jl -> ^Fjj, F 6 (M) = M Off, where F 6 (M) is a module via M ®m H and a comodule 
via the coaction: H p(m <S> ft) = S ,_1 (ft 3 )m_ 1 ft 1 (g> m ® ft2- For any M G H yV H the counit of the 
adjunction is the map £m : M ® iJ — ► M, £ M = (U^-. 

3.4. Let if be any field. An augmented F-algebra (A, to, u,p) is a i-T-algebra (A, m, w) endowed 
with an algebra homomorphism p : A — > F called augmentation of A. An element x G A is a left 
integral in A, whenever a -a x — p (a) x, for every a G A. The definition of a right integral in A is 
analogous. A is called unimodular, whenever the space of left and right integrals in A coincide. A 
(left or right) integral x in A is called a total integral in A, whenever p (x) = Ik- 

Let (H, rnn, ur, Ah, £h) be a bialgebra. 

1) (H,mH ,Uh , £h) is an augmented algebra. Then a left integral in H is an element t G H such 
that ft -h t = eh (ft) t, for every ft G H. Moreover t is total whenever eh (t) = Ik- 

2) (H* , ran* , uh* , eh* ) is an augmented algebra. Then a left integral in H* is an element A G H* , 
that is a if-linear map /A = / (1h) A, for every / G H*. Moreover A is total, whenever A (Ih) = ^k- 
It is clear that A G H* is a left (resp. right) integral in H* if and only if ftiA(ft2) = lijA(ft) (resp. 
A(fti)ft 2 = A(ft)lij) for every h E H. 

If _ff is finite dimensional, J7* becomes a Hopf algebra: in particular one can consider the notion 
of left integral in (if*)* in the sense of 2). By means of the isomorphism 



one can check that a left integral in H** is nothing but a left integral in H in the sense of 1): thus 
there is no danger of confusion. 

For the reader's sake, we outline the following facts. 

Theorem 3.5. Let H be a Hopf algebra with antipode S over any field K. Then we have: 

1) There exists a total integral t G H (i.e. H is semisimple) if and only if H is separable. 

2) There exists a total integral A G if* (i.e. H is co semisimple) if and only if H is coseparable. 

Proof. 1) " <= " Let a : H — > H eg) H an ff-bilinear section of the multiplication to and set 
t a := (H ® eh)o-{1h) £ H. Then t a is a total integral. 

" =>■ " Let t G H be a total integral. Since t is a left integral and Ah is an homomorphism of 
algebras, we have: 



so that the map a t : H — > H®H : h^ ht\®S{t2) is if-bilinear. Moreover TOHcr t (ft) = ht\S{t2) = 
heH(t) — ft, so that o~t is an //-bilinear section of run and H is separable by definition. 
2) " 4= " Let 9 : H ® H — > H an i?-bicolinear retraction of the comultiplication A and set 
Ag := £h0{— ® 1//) £ H*. Then Ag is a total integral. 

" => " Let integral A G -ff* be a left integral such that A(l#) = 1. Since A is a left integral and to 
is an homomorphism of coalgebras, we have: 




(1) 



ht x <g> S(t 2 ) = ftiii ® S(h 2 t 2 )h 3 = e/r(fti)ii ® 5 , (t 2 )ft2 = ti ® S(t 2 )h 7 Vh G 



(2) xi\(x 2 S(y)) = x 1 S(y 2 )X(x2S(y 1 ))y 3 = (xSiy^XdxSiy^)^ = \{xS{ yi ))y 2 ,Vx,y G H, 
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so that the map 9\ : H ® H ^ H : x ® y ^ x\X(x 2 S(y)) is iJ-bicolinear. Moreover 9\A(h) = 
hiX(h 2 S(h3)) = hX(lH) = h, so that 9\ is an iZ-bicolinear retraction of the comultiplication A 
and H is coseparable by definition. □ 

Our next aim is to characterize the existence of a so-called ad-invariant integral. 
A remarkable fact is that any semisimple and cosemisimple Hopf algebra H over a field K admits 



such an integral (see AMS1, Theorem 2.27]). 

Definition 3.6. [ [3VO , Definition 1.11] Let H be a Hopf algebra with antipode S over any field 
K and let A G H*. A will be called an ad-invariant integral whenever: 

a) hiX(h 2 ) — l#A(/i) for all h £ H (i.e. A is a left integral in H*); 

b) X(hixS(h 2 )) — e(h)X(x), for all h,x G H (i.e. A is left linear with respect to >); 

c) A(1 H ) = Ik- 

Lemma 3.7. An element A G H* is an ad-invariant integral if and only if it is a retraction of the 
unit uh ■ K — > H of H in ^yD, where H is regarded as an object in the category via the left 
adjoint action t> and the comultiplication Ah- 

Example 3.8. 1) Let G be an arbitrary group an let KG be the group algebra associated. Let 
A : KG — > K be defined by X(g) = 8 e , g (the Kronecker symbol), where e denotes the neutral 



element of G. Then A is an ad-invariant integral for KG (see [SVO, Corollary 2.8]) 



2) Every commutative cosemisimple Hopf algebra has an ad-invariant integral. 

Remark 3.9. If H is a Hopf algebra with a nonzero integral then the left and right integral 



spaces are both one-dimensional |DNR, Theorem 5.4.2]. If H has a total integral A G H* (i.e. H 



is cosemisimple), then the left and right integral space coincide [DNR, Exercise 5.5.10], and are 
generated by A. Hence there can be at most one ad-invariant integral, namely the unique total 
integral. 

The following lemma shows that in the definition of ad- invariant integral we can choose <], ► or 
< instead of \> . Since A is in particular a total integral, it is both a left and a right integral. Thus 
it is the same to have a retraction of uh in h 3^ > 3^ff> H~yD H or H yT>n- 

Lemma 3.10. Let H be a Hopf algebra with antipode S over any field K and let X G H* be a total 
integral. Then the following are equivalent: 

(1) A is left linear with respect to t>. 

(2) A is right linear with respect to <3. 

(3) A is left linear with respect to 

(4) A is right linear with respect to <. 

Proof. We have that A is both a left integral and a right integral for H*. 



Since A is a total integral S is bijective (see [DNR, Corollary 5.4.6]) and hence it makes sense to 
consider 

(1) ^ (2) Observe that: S{x < h) = S(S(hi)xh 2 ) = S(h) 1 S(x)S[S(h) 2 ] = S{h) > S(x). 

Thus, since A = XS and A is left linear with respect to >, we get X(x < h) = XS(x < h) = X(S(h) > 
S(x)) = eS(h)X(S(x)) — e(h)XS(x) = e(h)X(x) that is A is right linear with respect to < . 

(2) ^> (1) follows analogously once proved the relation S(h > x) = S(x) < S(h). 
(1) => (3) We have: S[h ► 5 _1 (a;)] = S[h 2 S- 1 {x)S- 1 (h 1 )} = hxxS(h 2 ) =h>x. 

Then, since A = XS and A is left linear with respect to >, we have X(h ► x) — XS(h ► S^ 1 S(x)) = 
X(h > S(x)) — e(h)XS(x) — e(h)X(x) i.e. A is left linear with respect to 

(3) ^> (1) Since A is left linear with respect to ► one has X(h > x) = XS[h ► ,5' _1 (.t)] = X[h ► 
S^ 1 (x)} = e(h)XSS^ 1 (x) — e(h)X(x) i.e. A is left linear with respect to > . 

(1) <^ (4) Analogous to (1) (3) by means of S^ 1 [S(x) < h] = x A h. □ 



The following result improves | AMS1, Theorem 2.29] 



Lemma 3.11. Let H be a Hopf algebra with antipode S over a field K. Assume there exists an 
ad-invariant integral X G H*. Then we have that: 
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i) The forgetful functor a9Ra a'OJIa is separable for any algebra A in VJl H . 
it) The forgetful functor ^VJIa — * A^JPt is separable for any algebra A in H 9Jl. 
iii) The forgetful functor ^f9Jt^ — > a^Ra is separable for any algebra A in H 9Jl H . 

Proof, i) By Examples |2.11 , the forgetful functor F r : a^a ~^a9Ka has a right adjoint G 



A M A -> a^Ia ,G 8 (M) = M ® H. Thus by Theorem |l.ll| , F r is separable if and only if the 
unit rj H : Id^w — ► G r F r of the adjunction cosplits, i.e. there exists a natural transformation 
fi H : G r F r — * ld Am H such that Mm o n^ = Mm for any M in a^a- Let us define: 

M M : M II ■ M, // M (m <g> /i) = m X(miS(h)). 
Obviously (MmWgaOTJ is a functorial morphism. 

Let us check that Mm is a morphism in ^OJl^f, i.e. a morphism of A-bimodules and of H- 
bicomodules. Since // M G 9Jt H , we have: n I ^ iI ({m®h)a) = moao\(mxaiS(a2)S(h)) — /^(m<8)/i)a. 
Since a /j,m £ 971^ an d as A satisfies relation b) of Definition [T(], we get that Mm is also left A- 
linear: fj,^(a(m ® /i)) = aomoA(ai > miS(h)) = a/i M ( TO /i). 

By (Ej), we have: X(xS(yi))y2 = xiX(x2S(y)),\fx,y G iP Thus we get also the right fPcollinearity 

of (1^: (pfj (g> H)p H (m ® /i) = m X(miS(hi))h 2 — m ® miA(m 2 5(/i)) = p H pfj(m ® /i). 

It remains to prove that /i M is a retraction of 77^: Mm^mC 777 ') = wioA(mi5(m2)) = otA(Ih) = m. 

ii) It is analogous to i) by setting H /iM(h ® m) = A(/iiS(m_i))mo- 

iii) We have to construct a functorial retract of (??M)Mef tmf 5 where t?m = ( M ?7 ® iJ) o 77^. By 
the previous part, there are a functorial retraction {p^j) m e Am 1 ^ °f ("mWgaOTJ an( i a functorial 
retract { H Hm) Mef%Ji A °f ( H a M) MefwiA- Let us define the morphism mm ; H ® M <g) H M 
by Mm = Mm ( H ® -ff). Obviously it is a retraction of <tm in a 2^ ■ It is easy to prove that 

= H f-M (H ® Mm) : hence one gets that mm is a morphism in ^50?^. □ 

We can now consider the main result concerning ad-invariant integrals. The equivalence (1) 
(36) was proved in a different way in [AMS1, Proposition 2.11]. 

Theorem 3.12. Let H be a Hopf algebra over a field K. The following assertions are equivalent: 

(1) There is an ad-invariant integral A G H* . 

(2) The forgetful functor — > a$Ra is separable for any algebra A in H Wl H . 

(3) The forgetful functor ~ * h9Rh is separable. 
(36) H is coseparable in (#9Jt#, <g>, if). 

(4) The forgetful functor ^yT) — > #50? is separable. 

(46) Jf is Ip-injective where F is the forgetful functor of (4). 



Proof. (1) =>■ (2) It follows by Lemma |3.11. 

(2) => (3). Obvious. 

(3) O (36). It is just Proposition [H7| applie d to M = (h^JIh, ®, 

(3) =>• (4). Take the notations of Examples 2.11 and 3.3. Since F2 : #9K|f — » h^h is separable 



and P 2 = P a o F 6 , where P b : f -> ff 97tg and F a : jySOtf -> #971^, then, by Theorem pTTp 



Pi, is separable. Consider the inverses (F') 1 and F 1 respectively of the functors F 1 — (— ) coH 



g9Jlg -> g3^P> and F = (-) coH ■ H Wl% -> H Tt (these are category equivalences; see |Scha2 
Theorem 5.7]). One can easily check that P" 1 o P 3 = F b o (P') _1 - By Theorem |lJ0| , (P') _1 is 
separable so that P" 1 o P 3 , and hence P3, is a separable functor. 

(4) (46). By Corollary 02| the separability of P 3 : %yV -> H M (that has G 3 as a right adjoint) 
implies that any object in j^yD, in particular K, is P^-injective. 

(46) =4> (1). Observe that it// can be regarded as a morphism in ^yV, once iJ is regarded as an 
object in ^yTJ via the action > (defined in 3.2) and the coaction given by the comultiplication A. 
In particular, ur belongs to Tf 3 - in fact the counit Sh of H is a left linear retraction of F^Iuh)- 
Hence, since K is Jp 3 -injective, there is A : H — > K in such that A o uh = Id_R-, i.e., by 

Lemma B.7, an ac?-invariant integral. □ 

Remark 3.13. The following assertions are all equivalent to the existence of an ad- invariant integral 
A G H*. 
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(5) The forgetful functor yV^j — > 971^ is separable. 

(6) The forgetful functor HyT> H — » # 971 is separable and S is bijective. 

(7) The forgetful functor H yT>H — > 97t# is separable and 5 is bijective. 

(8) if is X^-injective where F is the forgetful functor of (5), (6) or (7). 

In fact, note that gSDtg ~ yv". Since A is in particular a total integral, the antipode S is bijective 



of Lemma 3.10 



and hence, by [ 5cha2 , Corollary 6.4], we can also assume H yT> H — h ^-h — HyT> H ■ Now, by means 



one can proceed like in the proof of Theorem 3.12 . 

Theorem 3.14. Let H be a finite dimensional Hopf algebra over a field K and let D(H) be the 
Drinfeld Double. The following assertions are equivalent: 

(i) There is an ad-invariant integral A G H* . 

(ii) The forgetful functor mm 971 ~ > if 971 is separable. 

(Hi) D(H) is separable in (jj97tjy, <8>h> H), i.e. D{H)/H is separable. 

Proof, (i) (ii). Since H is finite dimensional, it has bijective antipode. Hence we have %yT> 



H yV H ~ By Theorem |3.12j (i) holds if and only if the forgetful functor %yV -> #971 is 

separable if and only if mm 971 — » #971 is separable. 

(ii) (Hi). It follows by Proposition |2.2| applied to the ring homomorphism H — > D(H) = H* cop IX 
H : h er X h. □ 

Proposition 3.15. Let H be a Hopf algebra with an ad-invariant integral A G H* and let A4 be 
either VJl H or H VJl H . For any algebra A in Ai, we have: 

i) A is separable as an algebra in A4 if and only if it is separable as an algebra in WIk- 

ii) A is formally smooth as an algebra in M. if and only if it is formally smooth as an algebra 
in WIk- 



Proof. Since H has an ad-invariant integral A, by Lemma 3.11, the forgetful functor F : a-M-a 



aVRa is separable. By Theorem 2.12 we conclude. □ 



4. Splitting algebra homomorphisms 
We recall the following important result. 



Theorem 4.1. (see [AMS2, Theorem 3.13] ) Let (A,m,u) be an algebra in an abelian monoidal 
category (A4, ®, 1). Then the following assertions are equivalent: 

(a) A is formally smooth as an algebra in M.. 

(b) Let 7r : E — > A be an algebra homomorphism in M. which is an epimorphism in M and let 
I denote the kernel of?r. Assume that there is n G N so that I n = (I is nilpotent). If for any 
r = 1,- • • ,n — 1 the canonical projection p r : E / I r+1 — » E/I r splits in A4, then ir has a section 
which is an algebra homomorphism in M.. 

When M is Wl H the previous theorem has the following application. 

Proposition 4.2. Let H be a Hopf algebra and let A and E be algebras in 9Jl H . Let ir : E — > A 
be an algebra homomorphism in VJl H which is surjective. Assume that A is formally smooth as 
an algebra in VJl H and that the kernel of tt is a nilpotent ideal. Given an algebra homomorphism 
f : H —> A in SETt , then tt has a section which is an algebra homomorphism in 9Jl H . 



Proof. It is similar to [AMS1, Theorem 2.13], where A = H = E/Rad(E) is semisimple and 
f = ld H - 

Let / denote the kernel of tt and assume there is an n G N such that I n — 0. First of all let us 
observe that, since tt is a morphism in 9Jl H , I is a subobject of E in 9Jl H . Hence, for every r > 0, 
V is a subobject of E and the canonical maps E/P" +1 — > E/I r are morphisms in 9Jl H . 
Now, the object I r /I r+1 has a natural module structure over E/I ~ A, and hence, via /, a module 
structure over H. With respect to this structure J r /J r+1 is an object in 37l|f. Via the category 
equivalences 971^ ~ if97t, we get that I r / I r+1 is a cofree right comodule i.e. I r / I r+1 ~ V ® H in 
97t|^, for a suitable V G if97t. In particular V /I r+1 is an injective comodule, so any canonical map 
E/I r+1 -» E/F has a section in M H . 



By Theorem 4.1, we conclude. □ 
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The following remark is due to the referee. 

Remark 4.3. Let H be a Hopf algebra with antipode Sh and let A be an algebra in Wl H . Then 
the existence of an algebra homomorphism / : H — > A in 9Jl H is equivalent to the fact that A is 
isomorphic as an ii-comodule algebra to the smash product A col ^ H ^^H. 

In fact, using the terminology of [ Mon| , Definition 7.2.1, page 105], the ii-extension A co ( H ^ C A 



f o S H ). By |Mon| , Theorem 7.2.2, page 106], A ~ A co ^)# <T iJ, where a : H ® iJ -> A co W is 



comes out to be iJ-cleft (/ is a right iJ-comodule map which is convolution invertible with inverse 
foS„). E 
defined by 

a(h ®k) = J2 f(hi)f(k!)fS H (h 2 k 2 ), 

for every h,k E H. Since / is an algebra homomorphism we get that o~(h ® k) — e#(/i)e# {k)lA 
and hence A co W# a H = A co ( H) #H is the usual smash product. 

Conversely, for any algebra R, the map H — > R#H is an algebra homomorphism in 9Jl H . 
Example 4.4. Let H be a Hopf algebra and assume that H is formally smooth in DJl H . Then, 



by [AMS2, Corollary 3.30], the tensor algebra T := Th{^H) is formally smooth as an algebra in 



the monoidal category VJl H . Assume that tt : E — > T is an epimorphism that is also a morphism 



of algebras in 9Jl H such that / := Ker7r is a nilpotent coidcal. By Proposition 4.2, applied 
to the case when / : H — > T is the canonical injection, tt has a section which is an algebra 
homomorphism in Wl H . (In particular the projection E — > T — » i/ has also a section which is 
an algebra homomorphism in 9Jt H ). Observe that, in general, T is not semisimple because its 
dimension needs not to be finite. 

Theorem 4.5. Let H be a Hopf algebra and M be either Wl H or H Wl H . Let E be an algebra in 
M.. Let ir : E — > H be an algebra homomorphism in M. which is surjective. Assume that H is 
formally smooth as an algebra in M. and that the kernel L of t: is a nilpotent ideal. Then 7r has a 
section which is an algebra homomorphism in M for 

a) M=m H . 

b) M. = H VJl H if any canonical map E/I r+1 — » E/L r splits in M.. 

Proof. Since 7r is a morphism in M., the kernel J of 7r is a subobject of E in M. Hence, for every 
r > 0, L r is a subobject of E and the canonical maps E/T r+1 — > E/L r are morphisms in M. 



a) Apply Proposition 4.2 in the case when E := H and / := Idjy. 



b) It follows easily by Theorem 4.1. □ 

Proposition 4.2 studies the existence in Wl H of algebra sections of morphisms of algebras tt : E — > 
A where A is a formally smooth algebra in 9Jl H endowed with a morphism of algebras / : H — > A 
in VJl H . The following results show that the existence of ad- invariant integrals provides such a 
section both in Wl H and H Tl H (without /). 

Lemma 4.6. Let H be a Hopf algebra with a total integral A e H*. Let M be either 9Jl H or H Wl H . 
Then any epimorphism in M. has a section in M. . 

Proof. Since A is a total integral in H* , then, by Theorem |3.5|, H is coseparable in 97l/<-. Therefore 



any right (resp. two-sided) _ff-comodule is projective (see Corollary 2.1E ). In particular any any 



epimorphism in A4 has a section in A4. □ 

Theorem 4.7. Let H be a Hopf algebra with an ad-invariant integral A G H* . Let M. be either 
VJl H or H VJl H . Let A and E be algebras in M.. Let tt : E — > A be an algebra homomorphism in M. 
which is surjective. Assume that A is formally smooth as an algebra in 9JIk and that the kernel of 
tt is a nilpotent ideal. Then tt has a section which is an algebra homomorphism in Ai. 



Proof. By Proposition 3.15, A is formally smooth as an algebra in M.. Let n > 1 such that L n = 0, 



where I — Ker7r. Since, in particular, A is a total integral, by Lemma 4.6, any epimorphism in the 



category M. splits in Ai. Thus, for every r — 1, • • • , n — 1 the canonical morphism TT r : E/L r 



E/L r+1 has a section in the category Ai. We can now conclude by applying Theorem 4.1 to the 



homomorphism of algebras tt : E — > A. □ 
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Theorem 4.8. Let H be a Hopf algebra with an ad-invariant integral and such that H is formally 
smooth as an algebra in k9R- Let A4 be either dJl H or H DJl H . Let E be an algebra in Ai. Let 
7r : E —> H be a algebra homomorphism in Ai which is surjective and with nilpotent kernel. Then 
7r has a section which is an algebra homomorphism in Ai . 



Remark 4.9. By Proposition 3.15, if H is a Hopf algebra with an ad-invariant integral and H 
is formally smooth as an algebra in (if9Jt, ®, K), then it is formally smooth as an algebra in 



(9Jt H , <g>, K). Then the case Ai = 9Jl H of the above corollary can be also deduced by Theorem 4.5 
5. Formal Smoothness of a Hopf algebra as an algebra 



In order to apply Theorem 4.5, it is useful to characterize when the algebra H is formally smooth 
either in M H or in H M H . 

5.1. Let H be a Hopf algebra with antipode S over a field K. We denote by H + the augmentation 
ideal, that is the kernel of the counit e : H — » K. 

Observe that e can be regarded as a morphism in ^yT), once H is regarded as an object in %yT> 
via the coaction H g (defined in 3.2) and the action given by the multiplication m. In this way 
H + = ker(e) inherits the following structure of left-left Yetter-Drinfeld module: 

h ■ x = hx, H p(x) = xmS(x(3\) ® X(2) 

for all h £ H and x £ H + . 

We call an fs-section any map r : H + — > H ® H + such that: 
(i) r(hx) = J2iei ha i ® h, 

for all h £ H and x £ H + , where t(x) — J2iei ai ® bi - 
We say that an /s-section is complete whenever 

Lemma 5.2. t is a complete fs-section if and only if t is a section in ^yT> of the counit Eh+ : 
H ® H + —>■ H + of the adjunction (F 3 , G 3 ) introduced in 3.S . 

Proof. The notion of complete /s-section can be read as follows: condition (i) means that r is 
left //-linear, (Hi) that r is left iFcolinear and (m) that r is a section of the counit e H + of the 
adjunction (F 3 , G 3 ), i.e. o r = Id ff +. □ 

Proposition 5.3. Let H be a finite dimensional Hopf algebra over a field K and let H + be the 
augmentation ideal. Let t : H + — > H ® i/ + &e a K -linear map such that 

r(hx) = ft,ai (8> &i 

for all h e H,x £ i/+, w/iere r(x) = a i® b i- Then Lm (r) C H+ <g i/+. 

Proof. Since i/ is finite dimensional, there exists a non-zero right integral t £ H. 

Let a; G H + . Since im (r) C H eg) i/ + , we can write r(x) = X^ej a i®°i: a i € ^F &j S i/ + . We 
have 

^ia i ®6 l = te (oj) ® 6 t = t (g) e (a^) bj 
iei iei iei 

r(tx) = r(fe(x)) = 0. 

Therefore, since r(te) = ® &*) we S et SieJ e ( a «) b i = 0- Hence /to (t) C ker (e ® H + ) = 

H+(g)H + . ~ ~ □ 

Proposition 5.4. Let H be a Hopf algebra with antipode S over a field K and let H + be the 
augmentation ideal. The following assertions are equivalent: 

(a) H is formally smooth as an algebra in H 9Jl H . 

(b) H + is So-projective where G is the forgetful functor ^yT> — * H 9Jt. 

(c) There exists a complete fs-section r : H + — > H ® H + . 
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Moreover, if H finite dimensional, the following assertion is also equivalent to the others: 

(d) The multiplication H + ® H + — > H + has a left H -linear section r : H + — ► ii + ® ii + , where 

H + ®H + is a left H -module via H [1h+®H + and such that 2»ei a i(i)^i(i)5'( a i(3)^i(3)) ( 8' a i(2) ( X ) ^i(2) = 

a;(i)S , (x( 3 )) €5 r(x(2)) /or a// a; G ii + , w/iere r(ac) = J2iei a i®bi- 

Proof. (6) ^ (c) Consider the functor G 3 : %yV -> H Wl and it's left adjoint F 3 : H Wl -> ^yV 
(see |3.3| ). We know (see Theorem |1.4j) that H + is £ G 3-projective if and only if the counit of the 
adjunction e H + : F 3 G 3 (H + ) — > ii + has a section r : ii + — > H ® ii + in #3^2? : thus, by Lemma 
5^, r is a complete /s-section. 

(a) -o- (6) In view of Examples 2.22, consider the following diagrams: 

p' — (_)coH F' = (-Y° H 

H m H H — — ** H w — ^^ H m 



T=F° 



|t'=F 3 H=G b | 1 1 



g^g F= ~ )eBH > H H y» ga*g w ^ gyp 

and the forgetful functor G a : H Tl^ — > H DJl H . The second diagram is commutative. Since 
G'oG 3 = G b o G, by the uniqueness of the adjoint, it is straightforward to prove that the functors 
F 3 o F' and F o F b are naturally equivalent. By definition, H is formally smooth in H Wl H , if 
and only if &}H is £oa. Qb--projective (I n fa ct h£h — Eg 2 an d G 2 = G a o G b ). By Proposition 
2.4 , G a is separable, so that, by Lemma L9, Eq\, — E ga^a* . Moreover, the functor F is separable 
as an equivalence of catego ries so that, by Theorem 1.13 , Q}H is f^t-projective if and only if 
H + ~ F(Sl l H) (see Scha2 , Example 5.8] for this isomorphism) is fc3-projective. 

(c) =>• (d) By Proposition 5.2, Im (r) C H + ® H + so that r, corestricted to H + (g) H + , is the 
required left ii-linear section of the multiplication H + ® H + — > if + . 

(d) =>• (c) Trivial. □ 

Proposition 5.5. Let H be a Hopf algebra over a field K and let H + be the augmentation ideal. 
The following assertions are equivalent: 

(a) H is formally smooth as an algebra in 9JIk. 

(b) H is formally smooth as an algebra in 9Jl H . 

(c) H + is projective in #9Jl. 

(d) There exists an f s-section r : H + — -> H <g> H + . 

(e) H is a hereditary K-algebra. 

Moreover, if H finite dimensional, the following assertion is also equivalent to the others: 
(/) The multiplication H + ® H + — > if + /ias a Ze/t H -linear section, where H + ® iJ + is a Ze/t 
H -module via Hh+ ® 



Proof. The equivalences between (6) , (c) , (d) and (/) follow similarly to Proposition 5.4, but work- 
ing with the following diagrams: 



F'=( — Y° H f'=(—Y oH 
l H H T^kW OTg hz^Ki 



H' 



One can check that (b) (c) ii + is £a -projective (where H' is the forgetful functor #9Jt — > 

x97l). Now, since if is a field, we have that £h' = {ff G ij9Tt | 5 is a surjection}, so that H + is 

fn'-projective if and only if H + is projective in //OH. 

(6) (a) App ly T heorem |2.12| In the case when A — H and M = M H . 

(a) (e) See [ CQ , Proposition 5.1]. 

(e) =>• (c) Every left iJ-submodule of a projective left iT-module is projective. In particular any 
left ideal of H is projective in #9Jt. □ 

Remark 5.6. Let H be a Hopf algebra with antipode S over a field A". Then H is formally smooth 
as an algebra in H 9Jt H =>■ is formally smooth as an algebra in 37l ff . 
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Corollary 5.7. Let H be a Hopf algebra over a field K . Assume that H has an ad-invariant 
integral. Let H + be the augmentation ideal. The following assertions are equivalent: 

(i) H is formally smooth as an algebra in 9Jl/< . 

(ii) H is formally smooth as an algebra in DJl H . 
(Hi) H is formally smooth as an algebra in H Wl H . 

(iv) H + is projective in #971. 

(v) There exists an fs-section t : H + — > H £g> H + . 

(vi) H is an hereditary K-algebra. 

Moreover, if H finite dimensional, the following assertion is also equivalent to the others: 

(vii) The multiplication H + ® H + — > H + has a left H -linear section, where H + (g> H + is a left 
H -module via Hh+ ® H + . 

Proof. Let Ai be either Wl H or H 9Jl H and observe that H is an algebra in M.. Then by Proposition 



3.15, H is formally smooth as an algebra in M. if and only if it is formally smooth as an algebra 



in 9JIr- that is (i) , (ii) and (Hi) are equivalent. By Proposition p.5|, we conclude. □ 



By applying Corollary p.7| , we obtain the following result to be compared with [ LB , Theorem 
2]- ' ' 

Theorem 5.8. Let G be an arbitrary group an let KG be the group algebra associated. Then the 
following assertions are equivalent: 

(i) KG is formally smooth as an algebra in 9JIk- 

(ii) KG is formally smooth as an algebra in 9Jl KG . 
(Hi) KG is formally smooth as an algebra in KG VJl KG . 

(iv) The augmentation ideal KG + is a projective in kg^R- 

(v) There exists an fs-section r : KG + — > KG <8> KG + . 

(vi) KG is an hereditary K-algebra. 

(vii) G is the fundamental group of a connected graph of finite groups whose orders are invertible 



in K. (see |Di, Definition 4.2, page 10]). 

Moreover, if G is finite, the following assertion is also equivalent to the others: 

(viii) The multiplication KG + ®KG + — > KG + has a left KG-linear section, where KG + ®KG + 

is a left KG -module via K Hkg+ ® KG + . 

Proof. By the left analogue of jD^, Theorem 2.12, page 118], (iv) and (vii) are equivalent. 

By Exam ple | 3.8 |, the Hopf algebra KG admits an ati-invariant integral. The conclusion follows 
by Corollary |5.7[ □ 

By means of Proposition 5.E, it is now possible to rewrite Theorem h5 in the following form 
which improves Theorem 4.8 in the case M = Wl H . 



Theorem 5.9. Let H be a Hopf algebra and let E be an algebra in SDt . Let tt : E — > H be 
an algebra homomorphism in dR H which is surjective. Assume that H is formally smooth as an 
algebra in 9JIk and that the kernel L of n is a nilpotent ideal. Then tt has a section which is an 
algebra homomorphism in 9Jl H . 



As a consequence of Theorem 5.9, we get the following result 



Theorem 5.10. Let H be a Hopf algebra and let E be a bialgebra. Let Tt : E — > H be a bialgebra 
homomorphism which is surjective. Assume that H is formally smooth as an algebra in 9JIk and 
that the kernel L of t: is a nilpotent ideal. Then tx has a section which is an algebra homomorphism 
m Wl H . 



Remark 5.11. Akira Masuoka pointed out that, in the situation of Theorem 5.10, since H is a 



Hopf algebra so is E (see e.g. [AMS1, Lemma 3.52]). 

6. Examples 



Proposition 6.1. Let K be any field. The group algebra Kl over the set of integers admits a 
complete fs-section. 
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Proof. Let (<?} be the multiplicative group associated to Z ((g) ~ Z). Let H = K (g) . Then 



B(H) = (g n -g n + v 



is a basis for + . Now define r : + — ► if g) 77 + on generators by setting 

r(<?"-3" +1 )=.9"®(l-.9), 
for every n S Z. Clearly 5" • (1 — g) = g™ — <7™ +1 . Moreover 

r [g a (<f - g n+1 )} = r - g a+n+1 ) = g a+n ®(l-g)=g a -g n ®(l-g) = g a -T [(g n - g n+1 )} . 

Since H is cocommutative, this is enough to conclude that r is a complete /s-section of H. □ 



Remarks 6.2. 1) By Proposition |6.1| and Theorem 5.S, K7L is formally smooth as an algebra in 
9JIk- Nevertheless, being not finite dimensional, KZ, is not separable as an algebra in TIk- More 
generally, the group algebra KG i s for mally smooth but not separable if and only if G is a free 
and non-trivial group (see Remark 6.5). 

2) The complete /s-section r defined in the proof of Proposition xl is such that Im (r) ^ 
KZ + <E> KZ + . This is a counterexample for the last assertion of Proposition 5.4 . 

Proposition 6.3. Let C n be the cyclic group of order n and let KC n be the group algebra associ- 
ated. Then the following assertions are equivalent: 

(i) KC n is formally smooth as an algebra in 9JIk- 

(ii) KC n is separable as an algebra in 9JIk- 
(Hi) n ■ Ik 7^ 0. 

Proof, (ii) (Hi) is the well known Maschke's Theorem. 
(ii) => (i) follows by Corollary 2.7. 

(i) =^> (Hi) By Theorem 5.8, the multiplication KC+ <8> KC^ — > KC+ has a section. In particular 
the multiplication is surjective, so that KC+ = (KC^) 2 . 

Let g £ C n be a generator of G„, that is o(g) — n. Then KC^ = S"=o ^ (l — g l ) . From 
1 — g 6 KC+ = (KC+) 2 , we deduce there exists atj £ K such that 

(3) 1-9= £ (1-^(1-^)= ]T <>,..,( 1 //' //' • //''I- 

0<i,j<n-l 0<i,j<n—l 

Define the if-linear map <p : KC n — > K by setting <£> = (1 — i) Ik for every < i < n — 1. Now 
suppose that n ■ Ik = 0. In this case, since n = o (g) , it is easy to check that y> (g l ) = (1 — i) Ik 
for every i £ N and hence, by (||), we have 

l = <p(l-g)= "'.,-(1 .'/' <r' I //'•') '). 

0<<,3<n— 1 

a contradiction. □ 

6.4. Implication (i) =>■ (m) of Proposition [T^, can be proved in a different way. In fact (i) 
implies that the Hochschild cohomology H 2 (KC n ,M) vanishes for every i4TC„-bimodule M. By 
[McL, Theorem 5.5, page 292] (where the result is proved for Z instead of K although the same 
arguments go through for any commutative ring), for every group G, one has a natural isomorphism 

H 1 (KG, M) ~ H* (G, X M) 

where X M is M endowed with the left G-module structure given by g- x m = gmg~ x and H l (G, X M ) 
denotes the group cohomology. Apply this isomorphism to the case G = C n , t = 2 and let g denote 
a generator of G„. 

By McL, Theorem 7.1, page 122], for every left G n -module L, one has 

H*(C n ,L)= « eL l B L l = l \ 
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where t = l + g + g 2 ^ h .a" -1 . 

Now, assume that (i) holds. Then 

{x £ KC n g - x x = x} 



t 'x KC n 



= H 2 (C„, x KC n ) ~ H 2 {KC n , KC n ) = 0. 



Since C n is commutative, then g l - x x = g l xg 1 — g % g % x = x for every x £ KC n so that 



KC n = {x £KC n \g- x x = x} =t - x KC n = V g 1 ■ KC n ■ g-* = n ■ KC n 



Therefore 1 £ KC n = n ■ KC n and hence n ■ ljf ^ 0. 



0<i<n-l 



Remark 6.5. By Proposition |6.3| , KC n is formally smooth as an algebra in TIk if and only if it 
is separable as an algebra in 9JIk- 

The groups G such that KG is formally smooth as an algebra in TIk but not separable as 
an algebra in 9JIk are precisely those having cohomological dimension 1. This follows in view of 
the isomorphism H 1 (KG, M) ~ H l (G, X M) that holds for every t £ N, and for any if G-bimodule 
M. Note also that every left G-module N can be seen as x (kg^kg) where kgNkg is itself 
regarded as a bimodule via g ■ n ■ h :— gn, for every g,h £ G,n 6 N. 



Furthermore (see [Bi, Example 2, page 185]) every free group over a non-empty (possibly infinite) 



set has cohomological dimension 1. Conversely every group of cohomological dimension 1 is free. 
7. Ad-coinvariant integrals through separable functors 

We want now to treat the dual of all the results of the previous sections. We just state the main 
results that can be proved analogously. 

First of all we characterize the existence of a so-called ad-coinvariant integral. 

A remarkable fact is that an y semisimple and cosemisimple Hopf algebra H over a field K admits 



such an integral (see AMS1 , Theorem 2.27]) 



Definition 7.1. Let H be a Hopf algebra with antipode S over any field K and let t £ H. 
t will be called an ad-coinvariant integral whenever: 

a) ht = EH{h)t for all h £ H (i.e. t is a left integral in H); 

b) t\S(ts) <8> ti = 1h ® t, (i.e. t is left coinvariant with respect to g); 

c) e H {t) = Ik- 
Therefore we have: 

Lemma 7.2. An element t £ H is an ad-coinvariant integral if and only if the map t : K — > H : 
k kt is a section of the counit eh ■ H — » K of H in ^yT>, where H is regarded as an object in 
the category via the left adjoint coaction H g and the multiplication run- 

Example 7.3. 1) Let G be a finite group an let K be the algebra of functions from G to K. 



Then K G becomes a Hopf algebra which is dual to the group algebra KG. From Example 3.8, we 
infer that K G has an ad-coinvariant integral, namely the map G — * K : g i— > S e . g (the Kronecker 
symbol) , where e denotes the neutral element of G. 

2) Every cocommutative semisimple Hopf algebra has an ad-coinvariant integral. 

Remark 7.4. It is known that, for any Hopf algebra H with a total integral t £ H, the if-linear 
spaces of left and right integrals in H are both one dimensional and so both generated by t. Hence 
there can be only one ad-coinvariant integral, namely the unique total integral. 

The following lemma shows that in the definition of ad-coinvariant integral we can choose g H ,~g H 
or H ~g instead of g. Since t is in particular a total integral, it is both a left integral and a right 
integral. Thus it is the same to have a retraction of Eh in ^yT>, yT>^,jj y*D H or H yT>H- 

Lemma 7.5. Let H be a Hopf algebra with antipode S over any field K and let t £ H be a total 
integral. Then the following are equivalent: 

(1) t is left coinvariant with respect to H g. 

(2) t is right coinvariant with respect to g H . 
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(3) t is right coinvariant with respect to g H . 

(4) t is left coinvariant with respect to H ~g. 



Proof. Analogous to |3.10 . □ 



Lemma 7.6. Let H be a Hopf algebra with antipode S over a field K. Assume there exists an 
ad- coinvariant integral t G H. Then we have that: 

i) The forgetful functor c ^ffi < ^ 1 — » c dyi c is separable for any coalgebra C in 9JIh ■ 

ii) The forgetful functor ^dJl c — > c 9Jl c is separable for any coalgebra C in #971. 
Hi) The forgetful functor %DJl% — > c '9Jl c is separable for any coalgebra C in #97tfj. 



Proof. We proceed as in the proof of Lemma 3.11 



i) By Examples |J| the forgetful functor G r 7 r 9Jlg -> c Wl c has a right adjoint F r : c Wl c 



c Wt%,F r (M) = M ®H. Thus by Theorem |l.ll| , G r is separable if and only if the counit e H 



F r G r — > Idcgjjg °f the adjunction splits, i.e. there exists a natural transformation a H : Idcrjjg 
F r G r such that efj o = ld M for any M in c VJt ( ^. Using ([!]), one can easily check that the 
following map works: afj : M M <S> H , <x^(m) = mti ® Sfa). 
ii) Analogous to i) by setting H a-^irn) —t\® S{t<i)m. 

Hi) Define a M ■= ( H 0m ® #) ° <rjj : M -> H ® M ® H. □ 
We can now consider the main result concerning ad-coinvariant integrals. The equivalence 



(1) (36) was proved in a different way in [AMS1, Proposition 2.11] 



Theorem 7.7. Let H be a Hopf algebra over a field K. The following assertions are equivalent: 

(1) There is an ad- coinvariant integral t £ H. 

(2) The forgetful functor — > c 9Jl is separable for any coalgebra C in #97l#. 

(3) The forgetful functor #971^ ~~* H 9R H is separable. 
(36) H is separable in ( H M H , <g>, K). 

(4) The forgetful functor ^yT> — ► H VJl is separable. 

(46) K is £g -projective where G is the forgetful functor of (4). 



Proof. Analogous to that of Theorem 3.12. □ 



Remark 7.8. The following assertions are all equivalent to the existence of an ad-coinvariant 
integral t £ H: 

(5) The forgetful functor yT> ^ — > 9Jl H is separable. 

(6) The forgetful functor nyP ,H — * 9Jl H is separable and S is bijective. 

(7) The forgetful functor H yT>H —* H 9K is separable and S is bijective. 

(8) K is fc-projective where G is the forgetful functor of (5), (6) or (7). 

In fact, note that gOJlg ~ yV%. Since t is in particular a total integral, the antipode S is bijective 
and hence, by |Scha2, Corollary 6.4], we can also assume H yT>H — — Hy~D H . Now, by 



means of Lemma 7.5. one prove the above equivalences. 



Theorem 7.9. Let H be a finite dimensional Hopf algebra over a field K and let D{H) be the 
Drinfeld Double. The following assertions are equivalent: 

(i) There is an ad- coinvariant integral t S H. 

(ii) The forgetful functor 9Jl D ( H ^ ?ffi H (equiv. D ^ H ^Wl — » _f/*5DtJ is separable. 
(Hi) D(H)* is coseparable in ( 9Jt , d H ,H) (equiv. D(H)/H* is separable). 



Proof. It is dual to Theorem 3.14. □ 



Proposition 7.10. Let H be a Hopf algebra with an ad- coinvariant integral t and let Ai be either 
SDtff or h^Rr ■ For any coalgebra C in M. , we have: 

i) C is coseparable as a coalgebra in M. if and only if it is coseparable as a coalgebra in %Rk- 

ii) C is formally smooth as a coalgebra in M. if and only if it is formally smooth in 9JIk- 



Proof. Since H has an ad-coinvariant integral t, by Lemma \l.6[ the forgetful functor G : M. 



c 9Jl c is separable. By Theorem 2.23 we conclude. □ 
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Splitting coalgebra homomorphisms 



8.1. Let £ be a coalgebra in an abelian monoidal category M.. Let us recall, (see Mori, §5.2]), 
the definition of wedge of two subobject X, Y of E in A4 : 

X A E Y := Ker[(ir x ® tty) ° A £ ], 

where ttx ■ E — > E/X and ny '■ E ^ E/Y are the canonical quotient maps. 

8.2. Let now C be a subcoalgebra of E in an abelian monoidal category M.. Define (C A «) ne N by 

C A ° E := 0, C Ae := C, and C Ae := C Ae ^ A E C for any n > 2. 
Note that C a e ^ • • • ^ C a e ^ C A S +1 ^ • • • ^ £ as coalgebras. 

In the case when M. is one of the monoidal categories WIk, 9Rh or h9Rh, then the wedge product 
has the following properties: 

• X A E Y = A- 1 (E®Y + X®E); 

• (X A E Y) A E Z = X A E (Y A E Z); 

• X Ae Y is a subcoalgebra of E whenever both X and Y are subcoalgebras of E. 
Remark 8.3. Let M be one of the monoidal categories DJIkj^Ih or h ■ Let C be a subcoalgebra 



+i 



of a coalgebra E in M Then C A ^ C • • • C C Ae C C Ae C • • • C E 



Moreover, by |Sw, Remark and Proposition, page 226], one has that U n enC AE = E if and only if 
Corad(E) C C*. Note that U„ eN C A E = limC^. 

We recall the following important result. 



Theorem 8.4. (see [A.MS2, Theorem 4.22] ) Let (C, A,e) be a coalgebra in an abelian monoidal 
category (A4,Cg), 1) with direct limits. Then the following assertions are equivalent: 

(a) C is formally smooth as a coalgebra in A4. 

(b) Let a : D — > E be a coalgebra homomorphism in Ai which is a monomorphism in M. 
Assume that E = limC AE . If for every r G N the canonical injection i r : C Ae — > C Ae+ cosplits in 
A4, then a has a retraction which is a coalgebra homomorphism in M.. 

Then the previous theorem has the following application. 

Theorem 8.5. Let H be a Hopf algebra. Let M be one of the monoidal categories ^JIkt^Ih or 
h^OIh- Let C be a subcoalgebra of a coalgebra E in A4. Assume that C is formally smooth as a 
coalgebra in A4 and that Corad(E) C C . If any inclusion map i r : C Ae —> C Ae cosplits in M, 
then there exists a coalgebra homomorphism n : E — > C in M. such that tti c = Idc- 



Proof. As observed in Remark 3.3, we have E — U„ e NC E = limC E . The conclusion follows by 



applying Theorem 3.4. □ 



Proposition 8.6. Let H be a Hopf algebra. Let C be a subcoalgebra of a coalgebra E in QJljj. 
Assume that C is formally smooth as a coalgebra in VJIh and that Corad(E) C C . Given a coalgebra 
homomorphism g : C — > H in 9JIh, then there exists a coalgebra homomorphism n : E — > C in 
9Jtjj such that ttiq = Idc- 



Proof. It is similar to [AMS1, Theorem 2.17], where C = H = Corad(E) is cosemisimple and 
g = Id//. In order to apply Theorem 8.5, we have only to prove that any inclusion map C Ab 
C a e +1 cosplits in m H - Since C A * +1 = C Ae A E C = C A E C A " E = A E l {E <g> C + C A " E ® E), the 
quotient C Ae /C Ae becomes a right C-comodule in DJIh via the map given by x + C Ae ^ 
(xi + C Ae ) <S) X2- Since g : C — > H is a morphism of coalgebras in WIh, then (Id ® g) o 
is a right _ff-comodule structure map for C Ae /C Ae that is right //-linear. Thus C Ae /C Ae 
becomes an object in 9Jtj|: by the fundamental theorem for Hopf modules (VJl^ ~ k%R)i we get 
that C Ae+1 /C Ae ~ V ® H in OTtg, for a suitable V G kOT, i.e. C a e +1 /C a S is a free right 
//-module. In particular C Ae+ /C Ae is a projective right //-module, so that the inclusion map 
i : C Ae C Ae+ has a retraction in Tin- □ 
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Theorem 8.7. Let H be a Hopf algebra and let Ai be either 971// or //971//. Assume that H 
is a subcoalgebra of a coalgebra E in Ai, that H is formally smooth as a coalgebra in Ai and 
that Corad(E) C H. Then there exists a coalgebra homomorphism n : E — > H in Ai such that 
7T| H = Idff for 

a) M = 971//. 

b) Ai = //971// if any inclusion map H a e <^-> H a e cosplits in Ai. 

Proof. H Ae is a subcoalgebra of E in Ai and the inclusion map H Ae <— > H^ E+ is obviously a 
morphism in Ai. 



b) Apply Theorem 



on 


S.G 


in the case when C := H and g := Id// . 




8.5 


in 


the case when C = H. 


□ 



Examples 8.8. Let E be a coalgebra in the category of vector spaces. Let C = Corad(E). In 
this case, the sequence (C Ae )„ £ n is simply denoted by (£ l „)„ e ^ and it is the so-called coradical 
filtration of E. 

Let H be a Hopf algebra and let Ai be either 971// or //971//. Assume that E is a coalgebra in Ai 
and that H = C = Corad(E). We have two cases. 

Ai = h9Rh) If any inclusion E n E n+ i cosplits in //971// and H is formally smooth as a coalgebra 
in hDJIh, then, by Theorem [B.7| , there is an homomorphisms of coalgebras n : E — ► H in //971// 
such that 7Ti ff = Idjj. 



A4 = SJlff) By AMS1 , Theorem 2.11], since H is cosemisimple in DJIk, then is coseparable in 
WIh- In particular H is formally smooth as a coalgebra in 971 Again, by Theore m [B.Tj, t here is an 
homomorphisms of coalgebras 7T : E — * H in 97t# such that 7T| ff = Id# (see also [AMS1, Theorem 
2.17]). 



Proposition B.6 studies the existence in 971 h of coalgebra retractions of coalgebras inclusion 
C <— > i? where C is a formally smooth coalgebras in 971// endowed with a morphism of coalgebras 
g : C — > if in 9JI_h\ The following results show that the existence of ad-coinvariant integrals 
provides such a section both in 971// and in _f/97tff (without g). 

Lemma 8.9. Let H be a Hopf algebra with a total integral t € H. Let M. be either 971// or //971//. 
Then any monomorphism in A4 has a retraction in M.. 

Proof. Since t is a total integral in H, then H is separable by Theorem |3.5|-2). Therefore any right 



(resp. left, two-sided) iJ-module is injective (see Corollary 2.S). In particular any monomorphism 



in A4 has a retraction in Ai. □ 

Theorem 8.10. Let H be a Hopf algebra with an ad-coinvariant integral t £ H . Let M. be either 
9ft H or f/97t//. Let C be a subcoalgebra of a coalgebra E in M.. Assume that C is formally smooth 
as a coalgebra in 971/^ and that Corad(E) C C . Then there exists a coalgebra homomorphism 
7r : E — > C in Ai such that n\c = Idc- 



Proof. By Proposition 7.10, C is formally smooth as a coalgebra in Ai. Since t is in particular 
a total integral in H, by Lemma 3.G, any monomorphism in Ai, in particular the inclusion map 
any n S N, has a retraction in Al. Now apply Theorem p.5|. □ 



Theorem 8.11. Let H be a Hopf algebra with an ad-coinvariant integral and such that H is 
formally smooth as a coalgebra in 971/f . Let Ai be either 971// or //971//. If H is a subcoalgebra of 
a coalgebra E in Ai and Corad(E) C H, then there exists a coalgebra homomorphism n : E — > H 
in Ai such that iz\ H = Id//. 



Remark 8.12. By Proposition [7.10| , if H is a Hopf algebra with an ad-coinvariant integral and 
H is formally smooth as a coalgebra in (971/c , (g>, K), then it is formally smooth as a coalgebr a in 
(971//, ®, K). Then the case Ai = 971// of the above corollary can be also deduced by Theorem [3.7[ . 
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9. Formal Smoothness of a Hopf algebra as a coalgebra 



In order to apply Theorem 8.7, it is useful to characterize when the coalgebra H is formally 



smooth either in Tin or in h^h- 

9.1. Let H be a Hopf algebra with antipode S over a field K. We denote by H the cokernel of 
the unit u : K — » H. 

Observe that u can be regarded as a morphism in ^yV, once H is regarded as an object in ^yT> 
via the action > (defined in |3.2] ) and the coaction given by the comultiplication A. In this way 
H = Coker(u) inherits the following structure of left-left Yetter-Drinfeld module: 

h ■ x = hixS(h 2 ), p(x) — x\®X2 

for all h £ -ff and x £ H (by 5 we denote the image of a; in H ) . 
We call an fs-retraction any map X : 7? -ff — > H such that: 

(i) ai ® 02 = xi ® xO 3 ^ 8) y), 

(m) x(^i ® ^2) = x, 
for all x,y <E H, where \(x ®y) —a. 

We say that an /s-retraction is complete whenever 

(Hi) xlhixSihi) ® h 2 yS(h 3 )} = ft, 1 aS , (/i 2 ), 
for all h,x,y 6 -ff, where <8> y) =3. 

Lemma 9.2. % is a complete fs-retraction if and only ^isa retraction in of the unit rfjj = 



H Pjj : H ^> H (g) H of the adjunction (F3, G3) introduced in S.c 



Proof. The notion of complete /s-retraction can be read as follows: condition (i) means that x is 
left -ff-colinear, (Hi) that x is ^ e ft -H-linear and (ii) that x is a retraction of the unit rfjj of the 
adjunction (F3, G3), i.e. x ijjj = Idjy . □ 

Proposition 9.3. Let H be a finite dimensional Hopf algebra over a field K and let H be the 
cokernel of the unit uh ■ K — > H. Let x ■ H ® H — > H be a K-linear map such that 

ai <g> ai = xi ® x (^2 <8> y) 

/or a/Z x,y £ H, where x (x <8> y) =3. TTien x '■ H (E) H H quotients to a map x ■ H ® _ff — » i? . 

Proposition 9.4. Lei H be a Hopf algebra with antipode S over a field K and let H be the cokernel 
of the unit u : K —t H . The following assertions are equivalent: 

(a) H is formally smooth as a coalgebra in #97l#. 

(b) H is Xp -injective where F is the forgetful functor ^yT> — > #9Jt. 

(c) There exists a complete fs-retraction x '■ H ® H — » H . 

Moreover, if H finite dimensional, the following assertion is also equivalent to the others: 

(d) The comultiplication H — > H ® H has a left H -colinear retraction x '■ H <g) H — > H , where 
H ® H is a left H -comodule via pjj® H and such that x[hxxS(h4) ® h 2 yS(h3)] = hiaS(h 2 ), for 
every h,x,y € H , where x(x ® y) = a. 

Proof. Analogous to Proposition [T4|. □ 
The referee pointed out that the equivalence (c) (e) in the following proposition was also 



proved in [MO, Theorem 1.2] 



Proposition 9.5. Let H be a Hopf algebra over a field K and let H be the cokernel of the unit 
u : K — > H . The following assertions are equivalent: 

(a) H is formally smooth as a coalgebra in SEJIr-. 

(b) H is formally smooth as a coalgebra in 9JIh- 

(c) H is injective in H 9Jt. 

(d) There exists an fs-retraction x '■ H <g> H — > H . 

(e) H is a hereditary K-coalgebra. 

Moreover, if H finite dimensional, the following assertion is also equivalent to the others: 
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(/) The comultiplication H — > H £g> H has a left H-colinear retraction, where H ® H is a left 
H -comodule via H pjj <8> H . 

Remark 9.6. Let H be a Hopf algebra over a field K . Then H is formally smooth as an coalgebra 
in h9Rh =>• H is formally smooth as an algebra in VJIh- 

COROLLARY 9.7. Let H be a Hopf algebra over a field K . Assume that H has an ad-coinvariant 
integral. Let H be the cokernel of the unit uh : K —> H . The following assertions are equivalent: 

(i) H is formally smooth as a coalgebra in 971 a' ■ 

(ii) H is formally smooth as a coalgebra in 9Jljj. 
(Hi) H is formally smooth as a coalgebra in #97t#. 

(iv) H is infective in H 9Jl. 

(v) There exists an f s -retraction \ : H £g) H — > H . 

(vi) H is a hereditary K-coalgebra. 

(vii) The comultiplication H — > H ® H has a left H-colinear retraction, where H ® H is a left 
H -comodule via H pjj <8> H . 

Proof. It is analogous to Corollary |5.7| . Note that here H is always finite dimensional since we 
have an ad-coinvariant (in particular total) integral in H. □ 

Theorem 9.8. Let G be a finite group an let K be the Hopf algebra of functions from G to K . 
Then the following assertions are equivalent: 

(i) K is formally smooth as a coalgebra in DJIk- 

(ii) K is formally smooth as a coalgebra in 9Jlx G ■ 
(Hi) K is formally smooth as a coalgebra in k g9JIkg . 

(iv) K G is infective in K 9Jt. 

(v) There exists an f s -retraction \ '■ K G ® K G — > K G . 

(vi) K G is a hereditary K -coalgebra. 

(vii) The comultiplication K G — » K G ® K G has a left K -colinear retraction, where K G ® K G 
is a left K G -comodule via K p-^c® K G . 



Proof. By Example 7.3, the Hopf algebra K G admits an ad-coinvariant integral. The conclusion 



follows by Corollary 9.7, □ 



Remark 9.9. Let G be a finite group. In this case both KG and K G are finite dimensional. As 
observed in Example 7.3, K G becomes a Hopf algebra which is dual to the group algebra KG. In 
particular, K G is formally smooth as a coalgebra in VJIk if and only if KG is formally smooth as 
an algebra in 971^. Hence all the assertions in Theorem 5.8 and in Theorem 3.S are equivalent. 
In the particular case when G is C n , the cyclic group of order n, then, by Proposition S.3 K G is 
formally smooth as a coalgebra in VJIk if and only if n ■ Ik ^ 0. 

Proposition 9.10. Let K [X] be the polynomial ring endowed with the unique Hopf algebra struc- 
ture defined by 

A(X) = 1®X + X®1. 
Then K [X] is formally smooth as a coalgebra in VJIk if and only if char (K) = 0. 

Proof. Let A — K [X]. Assume that A is formally smooth as a coalgebra in 971 a'- Note that 

^ = E„>o xx ' l - Wenave 

(4) A (X a ) = (1 ® X + X <g> l) a = ( a )( 1( » X ) a ~* ( X ® !)* = Yl Xl ® Xa ~ l - 



0<i<a v 7 0<i<a v 



By Proposition 9.5, there exists a /s-retraction \ '■ A® A — > A. For every a, b £ N, x 

(^X a ® X b ^j 6 

A = X^ n >o KX n so that we can choose a c ^ b € K such that 



(x a 



X b ) =^2al' b X l 

U>1 
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where aj- 6 = 0, for every u > deg (yX a ® X b ^j J . By condition (i) of the definition of /s- 
retraction, we have 

ai®a^ — x\® x(x 2 ® y) 

for every x,y € H 7 where a G if is defined by a = x (x <g> y) . We apply this, for every b > 0, to the 
case 

a;<g)y = X <g> Jf b , a = X {X®X b ) =^a\; b X u . 

U>1 

Since 



xi (8 x(a; 2 <g> y) = 1 (8) x (X <g> X b ) + X ® x (l ® A b J , 



we get 



Therefore 



so that 



E^ 6 E r " 

«>1 0<i<«-l 



Qx l ® i"-' = 1 ® x (x ® x b ) + X ® x (i ® 



E„>2 o^X 1 <g) X"- 1 = X ® x (l ® 

E„>3^ 6 E 2 < i <»-i(T)^ i ®^"- i = o,' 



al' b ~{") = 0, for every u > 3 and 2 < i < u - 1. 
Now, from these equalities, where the last one is applied in the case when i = u — 1, we deduce 

x (1 ® X b ) = £ ai'W"- 1 - a^2X 2 - x = 2a^' b X. 

u>2 

If char (if) 7^ 0, there is a prime p such that char (if) = p. Since p | VI < 2 < p — 1, by 
condition (ii) of the definition of /s-retraction, we have 



X> = x(X?®XZ)® E r)x(X l ®X^)^ X (l®Xn^2a 1 2 p X. 

0<i<p-l ^ ' 

that is a contradiction. Therefore char (if) = 0. 

Conversely, if char (if) = 0. Consider the vector space C = if [X] of polynomials in one variable. 
C can be regarded as a Hopf algebra with the following structures 

a (x a ) = xl ® xi and xaxb = I t J xa+b ' for ever y a ^ > °- 



<+,/=<< 



a 



By the universal property of the polynomial ring, there exists a unique algebra homomorphism 
ip : A — > C such that 93 (X) = X. In fact ip (X n ) — cp(X) n = n\X n , for every n > 0, and 93 is 
a Hopf algebra isomorphism (in view of the condition on the characteristic, one can construct an 
inverse for <p) . We conclude by observing that C is e xactly t he cotensor coalgebra Tg- (if) which 
is always formally smooth as a coalgebra in 9JIk (see [JLMS]). □ 



Remark 9.11. Akira Masuoka pointed out that the "if part of Proposition 9.1C is the same as 
[MO, Example 1.8], where it is proved that the polynomial ring if [X] is an hereditary coalgebra 
when char (if) = (see also Proposition 9.5). 



By means of Proposition it is now possible to rewrite Theorem B/7 in the following form 
which improves Theorem B.ll in the case M. = VJXh- 

Theorem 9.12. Let H be a Hopf algebra which is a subcoalgebra of a coalgebra E in 971//. Assume 
that if is formally smooth as a coalgebra in 9JIk and that Corad(E) C if. Then there exists a 
coalgebra homomorphism 7r : E — > H in 9JIh such that tt\h = ldn- 
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Remark 9.13. The referee pointed out to our attention [MO, Theorem 1.2]. In view of (i) => (iv) 
of this result, since any formally smooth coalgebra is also hereditary (see [ JLMS| , Proposition 2.2]), 



one gets Theorem 9.12 



Definition 9.14. JSchalJ , Definition 5.1] Let E be a bialgebra and let if be a Hopf subalgebra of 
E. Recall that a weak projection (onto H ) is a retraction tt : E — > H for the inclusion map which 
is a left f/-linear coalgebra map. 

9.15. Let E be a bialgebra and H a Hopf subalgebra. Given a weak projection tt : E — > H one can 
construct a if-linear isomorphism tp : E — > H (g> R, whe re R = E/H + E. The bia lgebra structure 
that H ® R inherits via ip has been described in |Schal Section 5] and in |Scha3 Section 5]. 



As a consequence of the left hand version of Theorem 9.12, we get the following result 



Theorem 9.16. Let H be a Hopf subalgebra of a bialgebra E. Assume that H is formally smooth 
as a coalgebra in 9JIk and that Corad(E) C H . Then E has a weak projection onto H . 



Remar k 9.1 7. Akira Masuoka pointed out that, in the situation of Theorem 9.16 , by Takeuchi's 
lemma [Mon, Lemma 5.2.10], E is necessarily a Hopf algebra. 



Proposition 9.18. Let E be a connected Hopf algebra over a field K with char (K) = 0. Assume 
that E 7^ K. Then, for every x S P (E) \ {0}, there exists a weak projection it : E — > K[x]. In 
particular we have a K-linear isomorphism. 

E 

~xE' 



E~K\x] 



Proof. Since E / K, we have P (E) / {0} . Let x e P (E) \ {0} . Note that K [X] is isomorphic to 
the tensor algebra Tk (KX) as a Hopf algebra, the isomorphism being given by the assignment 



X 1 



X 



X. 



By the universal property of tensor algebra, there is a unique Hopf algebra homomorphism a : 
K [X] — » E, such that a (X) = x. Since char (K) = 0, we have that K [X] is a connected coalgebra 
with P (K [X]) = KX. As o\kx is injective, by jMorj , Lemma 5.3.3, page 65], a is injective and 
hence Im (er) ~ K [X] as Hopf algebras. Therefore, by Proposition |9.10 , H := Im (a) is formally 
smooth as a coalgebra in 9JIk- Clearly Corad(E) = K C H. We conclude by applying Corollary 



9.16 and observing that K [x] = (x) , the left ideal of K [x] generated by x. 



□ 
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